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Structure of the talk.

. History and background for Virasoro constraints
. History and Background for wall-crossing and vertex algebras
. Geometric construction of Joyce's vertex algebras

. How the two intertwine
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. Applications

5.1 Quivers
5.2 Curves and Surfaces
5.3 What next?

6. Idea of the proof.



Witten's conjecture

2. There are line bundles Li ¥ Mg, which at each point of it (as in 2) are given by
Tclx - Denote the powers of the first Chern classes by ¢ = c1(L; )d:

Figure: Lijcig: o) = Tclx



KdV hierarchy
1. Gustav de Vriesand Diederik Johannes Korteweg studied the di erential
equation describing waves on shallow water in a canal:
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2. For a function ( t;x), there is a generalization of the above calledKdV hierarchy:
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3. Amazingly, by comparing two di erent approaches to 2-dimensional quantum
gravity, Witten expected that the integralsZ

a a L 2 a 3
0 1 k lgin 0 1 k
M g:n
once t into the generating series
X X x%
F(t;x)=  Fg(x;t) 2 2= oo Ajgn—— k2002

g 0 1 kK '9 ao! a!
g o0 a,g;n : :


https://youtu.be/cerbtFE2Fks
https://youtu.be/cerbtFE2Fks

Witten's conjecture |1

1. ... satisfy the KdV hierarchy of PDE's.
2. Set = &F(x;t), then
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3. Additionally, it satis es the string equation:

4. It was proved famously by Kontsevich (92') and later by Mirzakhani (07') who
both won Fields Medals in part for this work.



Virasoro constraints

1. Dijkgraaf, Verlinde and Verlinde (90") de ned a sequence of second order

di erential operators Lg on CJx;t1; :tnK such that the -function

=exp ﬁF(x,r)
satis es
Ly =0:

2. T. Eguchi, K. Hori and C.-S. Xiong (97') extended these operators for

M g:n(X; ) which parametrizes (C;f;xy;:::;xn) foramap f : C! X such that

f([C]) = 2 Hy(X). They conjectured that similar vanishings hold in this case.
3. This was proved by Okounko{Pandharipande (03') for curves X = C and by

Givental (01') and Teleman (12') for toric X.

4. Fix a basisB = fvg H (X) with 1 denoting the generator of H?(X) being one
of its elements, then Fg(x;t) is replaced by
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L Another Fields Medalist who received it partly due to his work on Virasoro constraints.






