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➡ Cosmology and Gravity  -  Einstein’s theory of General Relativity                                            
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General Relativity.     
 
                                                                                     

→    Theory of Quantum Gravity

A very active research field:   Swampland Program

Quantum Gravity 
String Theory

models consistent with  
Quantum Gravity

Identify properties of  
four-dimensional models  
that make them compatible  
with quantum gravity.  
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Why does string theory yield many four-dimensional models? 
What has this to do with geometry?       
 
                                                                                     

  ⇒ String Theory formulated consistently in 10 space-time dimensions
or 12 space-time dimensions (F-theory)

Product Ansatz for the higher-dimensional space-time manifold:

our 4-dimensional  
space-time
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  ⇒ String Theory formulated consistently in 10 space-time dimensions
or 12 space-time dimensions (F-theory)

6 or 8-dimensional  
compact manifold

→ many choices

Product Ansatz for the higher-dimensional space-time manifold:

our 4-dimensional  
space-time
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   String theory and higher dimensions

Why does string theory yield many four-dimensional models? 
What has this to do with geometry?       
 
                                                                                     

  ⇒ String Theory formulated consistently in 10 space-time dimensions

→    Four-dimensional physics depends on choice of      
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  Solutions with background fields

Problem:   deformations of      can correspond to massless fields 
                   → fifths force → immediate contradiction with experiment
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review:  [Graña] [Kachru,Douglas] 
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<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4



  Solutions with background fields

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

+

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

Assume       is compact:

+
-

-
-<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4

<latexit sha1_base64="fHzpMRGewfZ8HEm2qFhXIuGAAv4="></latexit>Z

Y
G4 ^G4 + n+ + n� = 0

rough idea:  introduce generalization of electromagnetic field, called  
                      on eight-dimensional manifold

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4



  Solutions with background fields

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

+

Solution:   Flux Compactifications
…[Becker,Becker ’96],[Gukov,Vafa,Witten ’99],[Giddings,Kachru, Polchiski ’03],[TG,Louis ’04]…

review:  [Graña] [Kachru,Douglas] 

Assume       is compact:

+
-

-
-

<latexit sha1_base64="gqT07xT6om7lPH3dpUb0iM2fFgw="></latexit>Z

Y
G4 ^G4 = `

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4

rough idea:  introduce generalization of electromagnetic field, called  
                      on eight-dimensional manifold

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="HwHNwRUE7Z1UoWM4dfMd+yAp1Ok="></latexit>

G4



  Best understood solutions 

➡ Solution to 12-dimensional theory (F-theory) of the form: 
 

solving Einstein’s equations and other equations of motion



  Best understood solutions 

➡ Solution to 12-dimensional theory (F-theory) of the form: 
 

solving Einstein’s equations and other equations of motion

<latexit sha1_base64="BWpPOJRxgYAQfY+Hwg43U6EIN5Q=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi6rLoxmVF+5AmlMl00g6dTMLMjRBC/RU3LhRx64e482+ctFlo64GBwzn3cs8cPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrnO/+8iU5pG8hzRmXkhGkgecEjDSoFpzQwJj38/uptgFHjKNHwbVut2wZ8DLxClIHRVoDapf7jCiScgkUEG07jt2DF5GFHAq2LTiJprFhE7IiPUNlcSc8bJZ+Ck+NsoQB5EyTwKeqb83MhJqnYa+mcyj6kUvF//z+gkEl17GZZwAk3R+KEgEhgjnTeAhV4yCSA0hVHGTFdMxUYSC6atiSnAWv7xMOqcN57xxdntWb14VdZTRITpCJ8hBF6iJblALtRFFKXpGr+jNerJerHfrYz5asoqdGvoD6/MHZyWUng==</latexit>

S⇥ Y‣ 12d manifold:



  Best understood solutions 

➡ Solution to 12-dimensional theory (F-theory) of the form: 
 

solving Einstein’s equations and other equations of motion

Calabi-Yau manifold:    
Kähler manifold with 
vanishing first Chern class 

<latexit sha1_base64="BWpPOJRxgYAQfY+Hwg43U6EIN5Q=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi6rLoxmVF+5AmlMl00g6dTMLMjRBC/RU3LhRx64e482+ctFlo64GBwzn3cs8cPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrnO/+8iU5pG8hzRmXkhGkgecEjDSoFpzQwJj38/uptgFHjKNHwbVut2wZ8DLxClIHRVoDapf7jCiScgkUEG07jt2DF5GFHAq2LTiJprFhE7IiPUNlcSc8bJZ+Ck+NsoQB5EyTwKeqb83MhJqnYa+mcyj6kUvF//z+gkEl17GZZwAk3R+KEgEhgjnTeAhV4yCSA0hVHGTFdMxUYSC6atiSnAWv7xMOqcN57xxdntWb14VdZTRITpCJ8hBF6iJblALtRFFKXpGr+jNerJerHfrYz5asoqdGvoD6/MHZyWUng==</latexit>

S⇥ Y‣ 12d manifold:



  Best understood solutions 

➡ Solution to 12-dimensional theory (F-theory) of the form: 
 

solving Einstein’s equations and other equations of motion

Calabi-Yau manifold:    
Kähler manifold with 
vanishing first Chern class 

<latexit sha1_base64="BWpPOJRxgYAQfY+Hwg43U6EIN5Q=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi6rLoxmVF+5AmlMl00g6dTMLMjRBC/RU3LhRx64e482+ctFlo64GBwzn3cs8cPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrnO/+8iU5pG8hzRmXkhGkgecEjDSoFpzQwJj38/uptgFHjKNHwbVut2wZ8DLxClIHRVoDapf7jCiScgkUEG07jt2DF5GFHAq2LTiJprFhE7IiPUNlcSc8bJZ+Ck+NsoQB5EyTwKeqb83MhJqnYa+mcyj6kUvF//z+gkEl17GZZwAk3R+KEgEhgjnTeAhV4yCSA0hVHGTFdMxUYSC6atiSnAWv7xMOqcN57xxdntWb14VdZTRITpCJ8hBF6iJblALtRFFKXpGr+jNerJerHfrYz5asoqdGvoD6/MHZyWUng==</latexit>

S⇥ Y‣ 12d manifold:

‣ 4-form flux:
<latexit sha1_base64="d8omvmKluzovcCcBoGew5wI9E+s="></latexit>

G42 H
4(Y,Z)

<latexit sha1_base64="gqT07xT6om7lPH3dpUb0iM2fFgw="></latexit>Z

Y
G4 ^G4 = `



  Best understood solutions 

➡ Solution to 12-dimensional theory (F-theory) of the form: 
 

solving Einstein’s equations and other equations of motion

Calabi-Yau manifold:    
Kähler manifold with 
vanishing first Chern class 

<latexit sha1_base64="BWpPOJRxgYAQfY+Hwg43U6EIN5Q=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi6rLoxmVF+5AmlMl00g6dTMLMjRBC/RU3LhRx64e482+ctFlo64GBwzn3cs8cPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrnO/+8iU5pG8hzRmXkhGkgecEjDSoFpzQwJj38/uptgFHjKNHwbVut2wZ8DLxClIHRVoDapf7jCiScgkUEG07jt2DF5GFHAq2LTiJprFhE7IiPUNlcSc8bJZ+Ck+NsoQB5EyTwKeqb83MhJqnYa+mcyj6kUvF//z+gkEl17GZZwAk3R+KEgEhgjnTeAhV4yCSA0hVHGTFdMxUYSC6atiSnAWv7xMOqcN57xxdntWb14VdZTRITpCJ8hBF6iJblALtRFFKXpGr+jNerJerHfrYz5asoqdGvoD6/MHZyWUng==</latexit>

S⇥ Y‣ 12d manifold:

‣ 4-form flux:
<latexit sha1_base64="d8omvmKluzovcCcBoGew5wI9E+s="></latexit>

G42 H
4(Y,Z)

<latexit sha1_base64="gqT07xT6om7lPH3dpUb0iM2fFgw="></latexit>Z

Y
G4 ^G4 = `

Hodge star operator on    
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

(in cohom.) ‘self-dual flux’
<latexit sha1_base64="F3YjVu1Emwaawp8o3xsF/iqdx8o="></latexit>

⇤G4 = G4
<latexit sha1_base64="4+uOCEF0up825+U1VV59/qMY7oI="></latexit>

G4 ^ J = 0

Kähler form on    
<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y



  Best understood solutions 

➡ Solution to 12-dimensional theory (F-theory) of the form: 
 

solving Einstein’s equations and other equations of motion

Calabi-Yau manifold:    
Kähler manifold with 
vanishing first Chern class 

(in cohom.) ‘self-dual flux’
<latexit sha1_base64="F3YjVu1Emwaawp8o3xsF/iqdx8o="></latexit>

⇤G4 = G4
<latexit sha1_base64="4+uOCEF0up825+U1VV59/qMY7oI="></latexit>

G4 ^ J = 0

⇒ should be read as a condition on the choice of complex structure  
     and Kähler structure   ⇒  fix deformations

<latexit sha1_base64="BWpPOJRxgYAQfY+Hwg43U6EIN5Q=">AAAB/HicbVDLSsNAFJ3UV62vapduBovgqiQi6rLoxmVF+5AmlMl00g6dTMLMjRBC/RU3LhRx64e482+ctFlo64GBwzn3cs8cPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrnO/+8iU5pG8hzRmXkhGkgecEjDSoFpzQwJj38/uptgFHjKNHwbVut2wZ8DLxClIHRVoDapf7jCiScgkUEG07jt2DF5GFHAq2LTiJprFhE7IiPUNlcSc8bJZ+Ck+NsoQB5EyTwKeqb83MhJqnYa+mcyj6kUvF//z+gkEl17GZZwAk3R+KEgEhgjnTeAhV4yCSA0hVHGTFdMxUYSC6atiSnAWv7xMOqcN57xxdntWb14VdZTRITpCJ8hBF6iJblALtRFFKXpGr+jNerJerHfrYz5asoqdGvoD6/MHZyWUng==</latexit>

S⇥ Y‣ 12d manifold:

‣ 4-form flux:
<latexit sha1_base64="d8omvmKluzovcCcBoGew5wI9E+s="></latexit>

G42 H
4(Y,Z)

<latexit sha1_base64="gqT07xT6om7lPH3dpUb0iM2fFgw="></latexit>Z

Y
G4 ^G4 = `



   Finiteness conjectures

➡ Concrete conjecture:   The number of solutions in the described setting 
                                       finite. Finitely many choices for       .

starting with [Douglas ’03] [Acharya,Douglas ’06]

<latexit sha1_base64="Ugtc9xSN0+QTF7B1tflgZTmCvM0=">AAACFXicdVBLSwMxGMzWV62vVY9egkXwUJbdurQVPBQ86LGCfUC7lGyabUOzD5KsUJb+CS/+FS8eFPEqePPfmN2u4HMgMMzMl3wZN2JUSNN81wpLyyura8X10sbm1vaOvrvXEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113ep763RvCBQ2DazmLiOOjcUA9ipFU0lCvJIPskj4fu05iGmaGyi8yvxja86FeNo3TRq1q12Bq1K2qlZJq3T6xoZVHyyBHa6i/DUYhjn0SSMyQEH3LjKSTIC4pZmReGsSCRAhP0Zj0FQ2QT4STZAvN4ZFSRtALuTqBhJn6dSJBvhAz31VJH8mJ+Oml4l9eP5Zew0loEMWSBHjxkBczKEOYVgRHlBMs2UwRhDlVu0I8QRxhqYosqRI+fwr/J52qYdUM+8ouN8/yOorgAByCY2CBOmiCS9ACbYDBLbgHj+BJu9MetGftZREtaPnMPvgG7fUDpmKasg==</latexit>

G4



   Finiteness conjectures

➡ Concrete conjecture:   The number of solutions in the described setting 
                                       finite. Finitely many choices for       .

starting with [Douglas ’03] [Acharya,Douglas ’06]

<latexit sha1_base64="Ugtc9xSN0+QTF7B1tflgZTmCvM0=">AAACFXicdVBLSwMxGMzWV62vVY9egkXwUJbdurQVPBQ86LGCfUC7lGyabUOzD5KsUJb+CS/+FS8eFPEqePPfmN2u4HMgMMzMl3wZN2JUSNN81wpLyyura8X10sbm1vaOvrvXEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113ep763RvCBQ2DazmLiOOjcUA9ipFU0lCvJIPskj4fu05iGmaGyi8yvxja86FeNo3TRq1q12Bq1K2qlZJq3T6xoZVHyyBHa6i/DUYhjn0SSMyQEH3LjKSTIC4pZmReGsSCRAhP0Zj0FQ2QT4STZAvN4ZFSRtALuTqBhJn6dSJBvhAz31VJH8mJ+Oml4l9eP5Zew0loEMWSBHjxkBczKEOYVgRHlBMs2UwRhDlVu0I8QRxhqYosqRI+fwr/J52qYdUM+8ouN8/yOorgAByCY2CBOmiCS9ACbYDBLbgHj+BJu9MetGftZREtaPnMPvgG7fUDpmKasg==</latexit>

G4

➡ Answer:  Yes, if one assumes finiteness of Calabi-Yau manifolds. 
[Bakker,TG,Schnell,Tsimerman ’21]



   Finiteness conjectures

➡ Concrete conjecture:   The number of solutions in the described setting 
                                       finite. Finitely many choices for       .

starting with [Douglas ’03] [Acharya,Douglas ’06]

<latexit sha1_base64="Ugtc9xSN0+QTF7B1tflgZTmCvM0=">AAACFXicdVBLSwMxGMzWV62vVY9egkXwUJbdurQVPBQ86LGCfUC7lGyabUOzD5KsUJb+CS/+FS8eFPEqePPfmN2u4HMgMMzMl3wZN2JUSNN81wpLyyura8X10sbm1vaOvrvXEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113ep763RvCBQ2DazmLiOOjcUA9ipFU0lCvJIPskj4fu05iGmaGyi8yvxja86FeNo3TRq1q12Bq1K2qlZJq3T6xoZVHyyBHa6i/DUYhjn0SSMyQEH3LjKSTIC4pZmReGsSCRAhP0Zj0FQ2QT4STZAvN4ZFSRtALuTqBhJn6dSJBvhAz31VJH8mJ+Oml4l9eP5Zew0loEMWSBHjxkBczKEOYVgRHlBMs2UwRhDlVu0I8QRxhqYosqRI+fwr/J52qYdUM+8ouN8/yOorgAByCY2CBOmiCS9ACbYDBLbgHj+BJu9MetGftZREtaPnMPvgG7fUDpmKasg==</latexit>

G4

[Kim,Shiu,Vafa],[Lee,Weigand],[Tarazi,Vafa] [Hamada,Montero,Vafa,Valenzuela]

much activity:  [Vafa][Adams,DeWolfe,Taylor] [Kim,Shiu,Vafa] [Kim,Tarazi,Vafa] [Cvetic,Dierigl,Lin,Zang] 
[Dierigl,Heckman] [Font,Fraiman,Grana,Nunez,DeFreitas] [Hamada,Vafa] [Taylor etal]

➡ Much more general:  Is the number of four-dimensional models arising 
from string theory finite? 

➡ Answer:  Yes, if one assumes finiteness of Calabi-Yau manifolds. 
[Bakker,TG,Schnell,Tsimerman ’21]



   Finiteness conjectures

Finiteness criterion seems to be a yes/no-criterion: 
⇒ turn finiteness into a structural criterion: tameness conjecture

[TG ’21] 

➡ Concrete conjecture:   The number of solutions in the described setting 
                                       finite. Finitely many choices for       .

starting with [Douglas ’03] [Acharya,Douglas ’06]
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[Dierigl,Heckman] [Font,Fraiman,Grana,Nunez,DeFreitas] [Hamada,Vafa] [Taylor etal]
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➡ Answer:  Yes, if one assumes finiteness of Calabi-Yau manifolds. 
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Mathematical Formulation 
of the Problem



  Calabi-Yau manifolds and moduli spaces

➡ Calabi-Yau manifolds of complex dimension     :  
 

Kähler +                         ⟹    Ricci flat Kähler metric with same Kähler class 
                                                                                         [Yau]

<latexit sha1_base64="EPW17tP0ANkoZ/XhZe7y7LtzLAU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWKFfsl1KNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfju5tfWNza38dmFnd2//oHh41DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0d3Mbz8xbbiSDRgnLIjJQPKIUwJW8mnPKzcez/EtdnvFkltx58CrxMtICWWo94pf3b6iacwkUEGM8T03gWBCNHAq2LTQTQ1LCB2RAfMtlSRmJpjMT57iM6v0caS0LQl4rv6emJDYmHEc2s6YwNAsezPxP89PIboOJlwmKTBJF4uiVGBQePY/7nPNKIixJYRqbm/FdEg0oWBTKtgQvOWXV0nrouJdVqoP1VLtJosjj07QKSojD12hGrpHddREFCn0jF7RmwPOi/PufCxac042c4z+wPn8Aammj4k=</latexit>

c1(TY ) = 0

<latexit sha1_base64="JJVH9E/6KYUYSdPWchaGHe0L+5c=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFQAvLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfpdr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL3LcqVeKVVvsjjycAKncA4eXEEV7qEGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOYiYzL</latexit>

D



  Calabi-Yau manifolds and moduli spaces

➡ Calabi-Yau manifolds of complex dimension     :  
 

Kähler +                         ⟹    Ricci flat Kähler metric with same Kähler class 
                                                                                         

➡ deformation of complex structure of       preserving Calabi-Yau condition:  
 

⇒ family        varying over complex               -dimensional unobstructed  
    moduli space 
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  Calabi-Yau manifolds and moduli spaces

➡ Calabi-Yau manifolds of complex dimension     :  
 

Kähler +                         ⟹    Ricci flat Kähler metric with same Kähler class 
                                                                                         

➡ deformation of complex structure of       preserving Calabi-Yau condition:  
 

⇒ family        varying over complex               -dimensional unobstructed  
    moduli space 
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M

<latexit sha1_base64="tbwxZPeJVemoDDF+LKwcTh9FcgY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMhyRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7QK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gC4XYzg</latexit>

Y
<latexit sha1_base64="SlXcsw4V+AqTHAwsORQkYIsEr8k=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgoeFOglpYBLSwjGA+JDnD3mYvWbK7d+zuCeHIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy+IOdPGdb+d3NLyyupafr2wsbm1vVPc3WvoKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvJ37ziSrNInlvRjH1Be5LFjKCjZUeBo/pzal34o27xZJbdqdAi8TLSAky1LrFr04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nR48RkdW6aEwUrakQVP190SKhdYjEdhOgc1Az3sT8T+vnZjw0k+ZjBNDJZktChOOTIQm36MeU5QYPrIEE8XsrYgMsMLE2IwKNgRv/uVF0jgre+flyl2lVL3K4sjDARzCMXhwAVW4hRrUgYCAZ3iFN0c5L8678zFrzTnZzD78gfP5A4toj5Q=</latexit>

hD�1,1

[Tian][Todorov]

<latexit sha1_base64="UmO8seBZAokicQvj3+nNTV6gO/o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyovmQ5Ah7m02yZG/v2J0Tw5GfYGOhiK2/yM5/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRtdTv/nItRGRusdxzP2QDpToC0bRSncP3aduseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns1Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp36QnNGcox5ZQpoW9lbAh1ZShTadgQ/AWX14mjbOyd16u3FZK1assjjwcwTGcggcXUIUbqEEdGAzgGV7hzZHOi/PufMxbc042cwh/4Hz+AEkyjcs=</latexit>

Yx

[Yau]

<latexit sha1_base64="EPW17tP0ANkoZ/XhZe7y7LtzLAU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWKFfsl1KNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfju5tfWNza38dmFnd2//oHh41DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0d3Mbz8xbbiSDRgnLIjJQPKIUwJW8mnPKzcez/EtdnvFkltx58CrxMtICWWo94pf3b6iacwkUEGM8T03gWBCNHAq2LTQTQ1LCB2RAfMtlSRmJpjMT57iM6v0caS0LQl4rv6emJDYmHEc2s6YwNAsezPxP89PIboOJlwmKTBJF4uiVGBQePY/7nPNKIixJYRqbm/FdEg0oWBTKtgQvOWXV0nrouJdVqoP1VLtJosjj07QKSojD12hGrpHddREFCn0jF7RmwPOi/PufCxac042c4z+wPn8Aammj4k=</latexit>

c1(TY ) = 0

<latexit sha1_base64="JJVH9E/6KYUYSdPWchaGHe0L+5c=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFQAvLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfpdr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL3LcqVeKVVvsjjycAKncA4eXEEV7qEGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOYiYzL</latexit>

D

<latexit sha1_base64="u9QAds9PlQypvA/cKoSKurdV7aE=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUAuLgI1lBC8RkiPsbSbJkr29Y3dPDEd+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLos1jE6iGkGgWX6BtuBD4kCmkUCmyH45uZ335EpXks780kwSCiQ8kHnFFjJT976tWmvXLFrbpzkFXi5aQCOZq98le3H7M0QmmYoFp3PDcxQUaV4UzgtNRNNSaUjekQO5ZKGqEOsvmxU3JmlT4ZxMqWNGSu/p7IaKT1JAptZ0TNSC97M/E/r5OawVWQcZmkBiVbLBqkgpiYzD4nfa6QGTGxhDLF7a2EjaiizNh8SjYEb/nlVdKqVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITfGDA4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDTCo6w</latexit>x2

<latexit sha1_base64="vEZLKZJY0eBR+wbGYJErdxhhmGM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUAuLgI1lBPMhyXHsbfaSJXt7y+6eGI78CBsLRWz9PXb+GzfJFZr4YODx3gwz80LJmTau++0U1tY3NreK26Wd3b39g/LhUVsnqSK0RRKeqG6INeVM0JZhhtOuVBTHIaedcHwz8zuPVGmWiHszkdSP8VCwiBFsrNR5CLKnoDYNyhW36s6BVomXkwrkaAblr/4gIWlMhSEca93zXGn8DCvDCKfTUj/VVGIyxkPas1TgmGo/m587RWdWGaAoUbaEQXP190SGY60ncWg7Y2xGetmbif95vdREV37GhEwNFWSxKEo5Mgma/Y4GTFFi+MQSTBSztyIywgoTYxMq2RC85ZdXSbtW9S6q9bt6pXGdx1GEEziFc/DgEhpwC01oAYExPMMrvDnSeXHenY9Fa8HJZ47hD5zPHzfTj3w=</latexit>

Yx2

<latexit sha1_base64="5myTHcSZfBoShT+xMuvDSt8fG0k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuCm7cCBXsA6ZDyaSZNjSTDElGKEM/w40LRdz6Ne78GzPtLLT1QOBwzr3k3BMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHnW0TBWhbSK5VL0Qa8qZoG3DDKe9RFEch5x2w8lt7nefqNJMikczTWgQ45FgESPYWMnvx9iMCebZ/WxQrbl1dw60SryC1KBAa1D96g8lSWMqDOFYa99zExNkWBlGOJ1V+qmmCSYTPKK+pQLHVAfZPPIMnVlliCKp7BMGzdXfGxmOtZ7GoZ3MI+plLxf/8/zURNdBxkSSGirI4qMo5chIlN+PhkxRYvjUEkwUs1kRGWOFibEtVWwJ3vLJq6RzUfcu642HRq15U9RRhhM4hXPw4AqacActaAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weDqpFm</latexit>

M



  Calabi-Yau manifolds and moduli spaces

➡ Calabi-Yau manifolds of complex dimension     :  
 

Kähler +                         ⟹    Ricci flat Kähler metric with same Kähler class 
                                                                                         

➡ deformation of complex structure of       preserving Calabi-Yau condition:  
 

⇒ family        varying over complex               -dimensional unobstructed  
    moduli space 

<latexit sha1_base64="5myTHcSZfBoShT+xMuvDSt8fG0k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuCm7cCBXsA6ZDyaSZNjSTDElGKEM/w40LRdz6Ne78GzPtLLT1QOBwzr3k3BMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHnW0TBWhbSK5VL0Qa8qZoG3DDKe9RFEch5x2w8lt7nefqNJMikczTWgQ45FgESPYWMnvx9iMCebZ/WxQrbl1dw60SryC1KBAa1D96g8lSWMqDOFYa99zExNkWBlGOJ1V+qmmCSYTPKK+pQLHVAfZPPIMnVlliCKp7BMGzdXfGxmOtZ7GoZ3MI+plLxf/8/zURNdBxkSSGirI4qMo5chIlN+PhkxRYvjUEkwUs1kRGWOFibEtVWwJ3vLJq6RzUfcu642HRq15U9RRhhM4hXPw4AqacActaAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weDqpFm</latexit>

M

<latexit sha1_base64="tbwxZPeJVemoDDF+LKwcTh9FcgY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMhyRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7QK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gC4XYzg</latexit>

Y
<latexit sha1_base64="SlXcsw4V+AqTHAwsORQkYIsEr8k=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgoeFOglpYBLSwjGA+JDnD3mYvWbK7d+zuCeHIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy+IOdPGdb+d3NLyyupafr2wsbm1vVPc3WvoKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvJ37ziSrNInlvRjH1Be5LFjKCjZUeBo/pzal34o27xZJbdqdAi8TLSAky1LrFr04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nR48RkdW6aEwUrakQVP190SKhdYjEdhOgc1Az3sT8T+vnZjw0k+ZjBNDJZktChOOTIQm36MeU5QYPrIEE8XsrYgMsMLE2IwKNgRv/uVF0jgre+flyl2lVL3K4sjDARzCMXhwAVW4hRrUgYCAZ3iFN0c5L8678zFrzTnZzD78gfP5A4toj5Q=</latexit>

hD�1,1

[Tian][Todorov]

<latexit sha1_base64="UmO8seBZAokicQvj3+nNTV6gO/o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyovmQ5Ah7m02yZG/v2J0Tw5GfYGOhiK2/yM5/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRtdTv/nItRGRusdxzP2QDpToC0bRSncP3aduseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns1Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp36QnNGcox5ZQpoW9lbAh1ZShTadgQ/AWX14mjbOyd16u3FZK1assjjwcwTGcggcXUIUbqEEdGAzgGV7hzZHOi/PufMxbc042cwh/4Hz+AEkyjcs=</latexit>

Yx

[Yau]

<latexit sha1_base64="EPW17tP0ANkoZ/XhZe7y7LtzLAU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWKFfsl1KNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfju5tfWNza38dmFnd2//oHh41DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0d3Mbz8xbbiSDRgnLIjJQPKIUwJW8mnPKzcez/EtdnvFkltx58CrxMtICWWo94pf3b6iacwkUEGM8T03gWBCNHAq2LTQTQ1LCB2RAfMtlSRmJpjMT57iM6v0caS0LQl4rv6emJDYmHEc2s6YwNAsezPxP89PIboOJlwmKTBJF4uiVGBQePY/7nPNKIixJYRqbm/FdEg0oWBTKtgQvOWXV0nrouJdVqoP1VLtJosjj07QKSojD12hGrpHddREFCn0jF7RmwPOi/PufCxac042c4z+wPn8Aammj4k=</latexit>

c1(TY ) = 0

<latexit sha1_base64="JJVH9E/6KYUYSdPWchaGHe0L+5c=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFQAvLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfpdr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL3LcqVeKVVvsjjycAKncA4eXEEV7qEGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOYiYzL</latexit>

D

<latexit sha1_base64="5myTHcSZfBoShT+xMuvDSt8fG0k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuCm7cCBXsA6ZDyaSZNjSTDElGKEM/w40LRdz6Ne78GzPtLLT1QOBwzr3k3BMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHnW0TBWhbSK5VL0Qa8qZoG3DDKe9RFEch5x2w8lt7nefqNJMikczTWgQ45FgESPYWMnvx9iMCebZ/WxQrbl1dw60SryC1KBAa1D96g8lSWMqDOFYa99zExNkWBlGOJ1V+qmmCSYTPKK+pQLHVAfZPPIMnVlliCKp7BMGzdXfGxmOtZ7GoZ3MI+plLxf/8/zURNdBxkSSGirI4qMo5chIlN+PhkxRYvjUEkwUs1kRGWOFibEtVWwJ3vLJq6RzUfcu642HRq15U9RRhhM4hXPw4AqacActaAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weDqpFm</latexit>

M

<latexit sha1_base64="3LjVsLGyfVY87sWqAGcX8CGsFHM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe40qIVFwMYygvmQ5Dj2NnvJkt29Y3dPDEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvHqSK0SWIeq06INeVM0qZhhtNOoigWIaftcHQz9duPVGkWy3szTqgv8ECyiBFsrNR+CLKn4HwSlCtu1Z0BLRMvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU4npV6qaYLJCA9o11KJBdV+Njt3gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRlZ8xmaSGSjJfFKUcmRhNf0d9pigxfGwJJorZWxEZYoWJsQmVbAje4svLpHVW9S6qtbtapX6dx1GEIziGU/DgEupwCw1oAoERPMMrvDmJ8+K8Ox/z1oKTzxzCHzifPzlYj30=</latexit>

Yx3

<latexit sha1_base64="T2iPsPs0S8cSLkJvaLRHRpjGKGY=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0GtbAI2FhG8JJAcoS9zV6yZG/v2J0Tw5HfYGOhiK0/yM5/4+aj0MQHA4/3ZpiZF6ZSGHTdb2dldW19Y7OwVdze2d3bLx0cNkySacZ9lshEt0JquBSK+yhQ8laqOY1DyZvh8HbiNx+5NiJRDzhKeRDTvhKRYBSt5OdP3Ytxt1R2K+4UZJl4c1KGOerd0lenl7As5gqZpMa0PTfFIKcaBZN8XOxkhqeUDWmfty1VNOYmyKfHjsmpVXokSrQthWSq/p7IaWzMKA5tZ0xxYBa9ifif184wug5yodIMuWKzRVEmCSZk8jnpCc0ZypEllGlhbyVsQDVlaPMp2hC8xZeXSeO84l1WqvfVcu1mHkcBjuEEzsCDK6jBHdTBBwYCnuEV3hzlvDjvzsesdcWZzxzBHzifP9SPjrE=</latexit>x3



<latexit sha1_base64="5myTHcSZfBoShT+xMuvDSt8fG0k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuCm7cCBXsA6ZDyaSZNjSTDElGKEM/w40LRdz6Ne78GzPtLLT1QOBwzr3k3BMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHnW0TBWhbSK5VL0Qa8qZoG3DDKe9RFEch5x2w8lt7nefqNJMikczTWgQ45FgESPYWMnvx9iMCebZ/WxQrbl1dw60SryC1KBAa1D96g8lSWMqDOFYa99zExNkWBlGOJ1V+qmmCSYTPKK+pQLHVAfZPPIMnVlliCKp7BMGzdXfGxmOtZ7GoZ3MI+plLxf/8/zURNdBxkSSGirI4qMo5chIlN+PhkxRYvjUEkwUs1kRGWOFibEtVWwJ3vLJq6RzUfcu642HRq15U9RRhhM4hXPw4AqacActaAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weDqpFm</latexit>

M

  Calabi-Yau manifolds and moduli spaces

➡ Calabi-Yau manifolds of complex dimension     :  
 

Kähler +                         ⟹    Ricci flat Kähler metric with same Kähler class 
                                                                                         

➡ deformation of complex structure of       preserving Calabi-Yau condition:  
 

⇒ family        varying over complex               -dimensional unobstructed  
    moduli space 

<latexit sha1_base64="5myTHcSZfBoShT+xMuvDSt8fG0k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuCm7cCBXsA6ZDyaSZNjSTDElGKEM/w40LRdz6Ne78GzPtLLT1QOBwzr3k3BMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHnW0TBWhbSK5VL0Qa8qZoG3DDKe9RFEch5x2w8lt7nefqNJMikczTWgQ45FgESPYWMnvx9iMCebZ/WxQrbl1dw60SryC1KBAa1D96g8lSWMqDOFYa99zExNkWBlGOJ1V+qmmCSYTPKK+pQLHVAfZPPIMnVlliCKp7BMGzdXfGxmOtZ7GoZ3MI+plLxf/8/zURNdBxkSSGirI4qMo5chIlN+PhkxRYvjUEkwUs1kRGWOFibEtVWwJ3vLJq6RzUfcu642HRq15U9RRhhM4hXPw4AqacActaAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weDqpFm</latexit>

M

<latexit sha1_base64="tbwxZPeJVemoDDF+LKwcTh9FcgY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMhyRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7QK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gC4XYzg</latexit>

Y
<latexit sha1_base64="SlXcsw4V+AqTHAwsORQkYIsEr8k=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgoeFOglpYBLSwjGA+JDnD3mYvWbK7d+zuCeHIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy+IOdPGdb+d3NLyyupafr2wsbm1vVPc3WvoKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvJ37ziSrNInlvRjH1Be5LFjKCjZUeBo/pzal34o27xZJbdqdAi8TLSAky1LrFr04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nR48RkdW6aEwUrakQVP190SKhdYjEdhOgc1Az3sT8T+vnZjw0k+ZjBNDJZktChOOTIQm36MeU5QYPrIEE8XsrYgMsMLE2IwKNgRv/uVF0jgre+flyl2lVL3K4sjDARzCMXhwAVW4hRrUgYCAZ3iFN0c5L8678zFrzTnZzD78gfP5A4toj5Q=</latexit>

hD�1,1

[Tian][Todorov]

<latexit sha1_base64="UmO8seBZAokicQvj3+nNTV6gO/o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyovmQ5Ah7m02yZG/v2J0Tw5GfYGOhiK2/yM5/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRtdTv/nItRGRusdxzP2QDpToC0bRSncP3aduseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns1Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp36QnNGcox5ZQpoW9lbAh1ZShTadgQ/AWX14mjbOyd16u3FZK1assjjwcwTGcggcXUIUbqEEdGAzgGV7hzZHOi/PufMxbc042cwh/4Hz+AEkyjcs=</latexit>

Yx

[Yau]

<latexit sha1_base64="EPW17tP0ANkoZ/XhZe7y7LtzLAU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWKFfsl1KNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfju5tfWNza38dmFnd2//oHh41DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0d3Mbz8xbbiSDRgnLIjJQPKIUwJW8mnPKzcez/EtdnvFkltx58CrxMtICWWo94pf3b6iacwkUEGM8T03gWBCNHAq2LTQTQ1LCB2RAfMtlSRmJpjMT57iM6v0caS0LQl4rv6emJDYmHEc2s6YwNAsezPxP89PIboOJlwmKTBJF4uiVGBQePY/7nPNKIixJYRqbm/FdEg0oWBTKtgQvOWXV0nrouJdVqoP1VLtJosjj07QKSojD12hGrpHddREFCn0jF7RmwPOi/PufCxac042c4z+wPn8Aammj4k=</latexit>

c1(TY ) = 0

<latexit sha1_base64="JJVH9E/6KYUYSdPWchaGHe0L+5c=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFQAvLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfpdr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL3LcqVeKVVvsjjycAKncA4eXEEV7qEGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOYiYzL</latexit>

D

<latexit sha1_base64="+7qW3tmJGPFiOA+7yDJAvkEdP+s=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYygpcEkiPsbTbJkr29Y3dODEd+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGniVDPus1jGuh1Sw6VQ3EeBkrcTzWkUSt4Kx7czv/XItRGxesBJwoOIDpUYCEbRSn721KtNe+WKW3XnIKvEy0kFcjR65a9uP2ZpxBUySY3peG6CQUY1Cib5tNRNDU8oG9Mh71iqaMRNkM2PnZIzq/TJINa2FJK5+nsio5Exkyi0nRHFkVn2ZuJ/XifFwXWQCZWkyBVbLBqkkmBMZp+TvtCcoZxYQpkW9lbCRlRThjafkg3BW355lTQvqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABPjAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwDWFI6y</latexit>x4

<latexit sha1_base64="JSDwHSwv6sR8MyABvY+Kv6TfZ1Q=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtbAI2FhGMB+SHMfeZpMs2ds7dufEcORH2FgoYuvvsfPfuEmu0MQHA4/3ZpiZFyZSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbofUcCkUb6BAyduJ5jQKJW+Fo5up33rk2ohY3eM44X5EB0r0BaNopdZDkD0F1UlQKrsVdwayTLyclCFHPSh9dXsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsdu6EnFqlR/qxtqWQzNTfExmNjBlHoe2MKA7NojcV//M6Kfav/EyoJEWu2HxRP5UEYzL9nfSE5gzl2BLKtLC3EjakmjK0CRVtCN7iy8ukeV7xLirVu2q5dp3HUYBjOIEz8OASanALdWgAgxE8wyu8OYnz4rw7H/PWFSefOYI/cD5/ADrdj34=</latexit>

Yx4



  Calabi-Yau manifolds and moduli spaces

➡ Calabi-Yau manifolds of complex dimension     :  
 

Kähler +                         ⟹    Ricci flat Kähler metric with same Kähler class 
                                                                                         

➡ deformation of complex structure of       preserving Calabi-Yau condition:  
 

⇒ family        varying over complex               -dimensional unobstructed  
    moduli space 

<latexit sha1_base64="5myTHcSZfBoShT+xMuvDSt8fG0k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuCm7cCBXsA6ZDyaSZNjSTDElGKEM/w40LRdz6Ne78GzPtLLT1QOBwzr3k3BMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHnW0TBWhbSK5VL0Qa8qZoG3DDKe9RFEch5x2w8lt7nefqNJMikczTWgQ45FgESPYWMnvx9iMCebZ/WxQrbl1dw60SryC1KBAa1D96g8lSWMqDOFYa99zExNkWBlGOJ1V+qmmCSYTPKK+pQLHVAfZPPIMnVlliCKp7BMGzdXfGxmOtZ7GoZ3MI+plLxf/8/zURNdBxkSSGirI4qMo5chIlN+PhkxRYvjUEkwUs1kRGWOFibEtVWwJ3vLJq6RzUfcu642HRq15U9RRhhM4hXPw4AqacActaAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weDqpFm</latexit>

M

<latexit sha1_base64="tbwxZPeJVemoDDF+LKwcTh9FcgY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMhyRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqf7QK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gC4XYzg</latexit>

Y
<latexit sha1_base64="SlXcsw4V+AqTHAwsORQkYIsEr8k=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgoeFOglpYBLSwjGA+JDnD3mYvWbK7d+zuCeHIr7CxUMTWn2Pnv3GTXKGJDwYe780wMy+IOdPGdb+d3NLyyupafr2wsbm1vVPc3WvoKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvJ37ziSrNInlvRjH1Be5LFjKCjZUeBo/pzal34o27xZJbdqdAi8TLSAky1LrFr04vIomg0hCOtW57bmz8FCvDCKfjQifRNMZkiPu0banEgmo/nR48RkdW6aEwUrakQVP190SKhdYjEdhOgc1Az3sT8T+vnZjw0k+ZjBNDJZktChOOTIQm36MeU5QYPrIEE8XsrYgMsMLE2IwKNgRv/uVF0jgre+flyl2lVL3K4sjDARzCMXhwAVW4hRrUgYCAZ3iFN0c5L8678zFrzTnZzD78gfP5A4toj5Q=</latexit>

hD�1,1

[Tian][Todorov]

<latexit sha1_base64="UmO8seBZAokicQvj3+nNTV6gO/o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyovmQ5Ah7m02yZG/v2J0Tw5GfYGOhiK2/yM5/4ya5QhMfDDzem2FmXhBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRtdTv/nItRGRusdxzP2QDpToC0bRSncP3aduseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns1Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp36QnNGcox5ZQpoW9lbAh1ZShTadgQ/AWX14mjbOyd16u3FZK1assjjwcwTGcggcXUIUbqEEdGAzgGV7hzZHOi/PufMxbc042cwh/4Hz+AEkyjcs=</latexit>

Yx

[Yau]

<latexit sha1_base64="EPW17tP0ANkoZ/XhZe7y7LtzLAU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXinpQKHjxWKFfsl1KNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfju5tfWNza38dmFnd2//oHh41DIq1ZQ1qRJKd0JimOCSNYGDYJ1EMxKHgrXD0d3Mbz8xbbiSDRgnLIjJQPKIUwJW8mnPKzcez/EtdnvFkltx58CrxMtICWWo94pf3b6iacwkUEGM8T03gWBCNHAq2LTQTQ1LCB2RAfMtlSRmJpjMT57iM6v0caS0LQl4rv6emJDYmHEc2s6YwNAsezPxP89PIboOJlwmKTBJF4uiVGBQePY/7nPNKIixJYRqbm/FdEg0oWBTKtgQvOWXV0nrouJdVqoP1VLtJosjj07QKSojD12hGrpHddREFCn0jF7RmwPOi/PufCxac042c4z+wPn8Aammj4k=</latexit>

c1(TY ) = 0

<latexit sha1_base64="JJVH9E/6KYUYSdPWchaGHe0L+5c=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFQAvLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfpdr1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL3LcqVeKVVvsjjycAKncA4eXEEV7qEGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOYiYzL</latexit>

D

➡       is quasi-projective [Viehweg],  can be made smooth [Hironaka]
<latexit sha1_base64="5myTHcSZfBoShT+xMuvDSt8fG0k=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIURcuCm7cCBXsA6ZDyaSZNjSTDElGKEM/w40LRdz6Ne78GzPtLLT1QOBwzr3k3BMmnGnjut9OaW19Y3OrvF3Z2d3bP6geHnW0TBWhbSK5VL0Qa8qZoG3DDKe9RFEch5x2w8lt7nefqNJMikczTWgQ45FgESPYWMnvx9iMCebZ/WxQrbl1dw60SryC1KBAa1D96g8lSWMqDOFYa99zExNkWBlGOJ1V+qmmCSYTPKK+pQLHVAfZPPIMnVlliCKp7BMGzdXfGxmOtZ7GoZ3MI+plLxf/8/zURNdBxkSSGirI4qMo5chIlN+PhkxRYvjUEkwUs1kRGWOFibEtVWwJ3vLJq6RzUfcu642HRq15U9RRhhM4hXPw4AqacActaAMBCc/wCm+OcV6cd+djMVpyip1j+APn8weDqpFm</latexit>

M



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

➡ How to find solution? →  (p,q)-forms in                              
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q - Hodge decomposition

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

➡ How to find solution? →  (p,q)-forms in                              
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q - Hodge decomposition

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

Hodge    = Weil Operator     :                             
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1

<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1
<latexit sha1_base64="xeEohARhtBipARe1RzICQAs8EXk=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiCIh9AtIcst6MVjAmaBZAg9nU7Spmehu0cIQ77AiwdFvPpJ3vwbe5IIKvqg4PFeFVX1vEgKbTD+cDJr6xubW9nt3M7u3v5B/vCorcNYMd5ioQxV16OaSxHwlhFG8m6kOPU9yTve9Dr1O/dcaREGt2YWcden40CMBKPGSs2LQb6AixhjQghKCamUsSW1WvWSVBFJLYsCrNAY5N/7w5DFPg8Mk1TrHsGRcROqjGCSz3P9WPOIsikd856lAfW5dpPFoXN0ZpUhGoXKVmDQQv0+kVBf65nv2U6fmon+7aXiX14vNqOqm4ggig0P2HLRKJbIhCj9Gg2F4szImSWUKWFvRWxCFWXGZpOzIXx9iv4n7csiKRdLzVKhfrWKIwsncArnQKACdbiBBrSAAYcHeIJn5855dF6c12VrxlnNHMMPOG+fv+WM7Q==</latexit>⇤ <latexit sha1_base64="sgI5AtUZJT1Osg1EU9PvQ0e7ZB4=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZLkFc/EYxSyQDKGn05M06Vno7hFCyB948aCIV//Im39jTxJBRR8UPN6roqqeF0uhDcYfTmZjc2t7J7ub29s/ODzKH590dJQoxtsskpHqeVRzKULeNsJI3osVp4EnedebNlO/e8+VFlF4Z2YxdwM6DoUvGDVWum2iYb6AixhjQghKCalWsCX1eq1EaoiklkUB1mgN8++DUcSSgIeGSap1n+DYuHOqjGCSL3KDRPOYsikd876lIQ24dufLSxfowioj5EfKVmjQUv0+MaeB1rPAs50BNRP920vFv7x+YvyaOxdhnBgestUiP5HIRCh9G42E4szImSWUKWFvRWxCFWXGhpOzIXx9iv4nnVKRVIrlm3KhcbWOIwtncA6XQKAKDbiGFrSBgQ8P8ATPztR5dF6c11VrxlnPnMIPOG+fO3+NMA==</latexit>

C



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

➡ How to find solution? →  (p,q)-forms in                              
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q - Hodge decomposition

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

Self-dual solutions satisfy: 
<latexit sha1_base64="M5D9KvrM60t8G8X0Ser0d4O7EtU="></latexit>

G4 2 H
4(Y,Z)\(H4,0 �H

2,2 �H
0,4)

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

Hodge    = Weil Operator     :                             
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1

<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1
<latexit sha1_base64="xeEohARhtBipARe1RzICQAs8EXk=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiCIh9AtIcst6MVjAmaBZAg9nU7Spmehu0cIQ77AiwdFvPpJ3vwbe5IIKvqg4PFeFVX1vEgKbTD+cDJr6xubW9nt3M7u3v5B/vCorcNYMd5ioQxV16OaSxHwlhFG8m6kOPU9yTve9Dr1O/dcaREGt2YWcden40CMBKPGSs2LQb6AixhjQghKCamUsSW1WvWSVBFJLYsCrNAY5N/7w5DFPg8Mk1TrHsGRcROqjGCSz3P9WPOIsikd856lAfW5dpPFoXN0ZpUhGoXKVmDQQv0+kVBf65nv2U6fmon+7aXiX14vNqOqm4ggig0P2HLRKJbIhCj9Gg2F4szImSWUKWFvRWxCFWXGZpOzIXx9iv4n7csiKRdLzVKhfrWKIwsncArnQKACdbiBBrSAAYcHeIJn5855dF6c12VrxlnNHMMPOG+fv+WM7Q==</latexit>⇤ <latexit sha1_base64="sgI5AtUZJT1Osg1EU9PvQ0e7ZB4=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZLkFc/EYxSyQDKGn05M06Vno7hFCyB948aCIV//Im39jTxJBRR8UPN6roqqeF0uhDcYfTmZjc2t7J7ub29s/ODzKH590dJQoxtsskpHqeVRzKULeNsJI3osVp4EnedebNlO/e8+VFlF4Z2YxdwM6DoUvGDVWum2iYb6AixhjQghKCalWsCX1eq1EaoiklkUB1mgN8++DUcSSgIeGSap1n+DYuHOqjGCSL3KDRPOYsikd876lIQ24dufLSxfowioj5EfKVmjQUv0+MaeB1rPAs50BNRP920vFv7x+YvyaOxdhnBgestUiP5HIRCh9G42E4szImSWUKWFvRWxCFWXGhpOzIXx9iv4nnVKRVIrlm3KhcbWOIwtncA6XQKAKDbiGFrSBgQ8P8ATPztR5dF6c11VrxlnPnMIPOG+fO3+NMA==</latexit>

C



  Connection with Hodge theory

<latexit sha1_base64="JvPzuicZYvfi6tFf7dx8upXTOmo=">AAAB6HicdVDLSgMxFM3UV62vqks3wSKIiyHjTB/uim5ctmBroR1KJs20sZnMkGSEMvQL3LhQxK2f5M6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/aKs4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwOltML6a+bf3VCoWixs9Sagf4aFgISNYG6l51i+WkI3cC7fsQmS7Za/iVQzxajVUrkLHRnOUwBKNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/ND53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVIc1P2MiSTUVZLEoTDnUMZx9DQdMUqL5xBBMJDO3QjLCEhNtsimYEL4+hf+T9rntVGy36ZXql8s48uAIHINT4IAqqINr0AAtQAAFD+AJPFt31qP1Yr0uWnPWcuYQ/ID19gnqXo0J</latexit>⇤➡ Hodge star     changes over complex structure moduli space  
                                                                                                          → complicated

➡ How to find solution? →  (p,q)-forms in                              
<latexit sha1_base64="/0w3eqoQGZ7oFyORMInYgSTlAZs=">AAACGXicbZDLSsNAFIZPvNZ6i7p0EyyCi1ISKeqy6KbLCvYCaSyT6bQdOpnEmYlQQl7Dja/ixoUiLnXl2zhNI2jrgYGP/z9n5szvR4xKZdtfxtLyyuraemGjuLm1vbNr7u23ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6Z++54ISUN+oyYR8QI05HRAMVJa6pl20s0uccXQ9xK7YmdVXoC0fptE5bs07ZmlH81aBCeHEuTV6Jkf3X6I44BwhRmS0nXsSHkJEopiRtJiN5YkQniMhsTVyFFApJdkS6XWsVb61iAU+nBlZerviQQFUk4CX3cGSI3kvDcV//PcWA0uvITyKFaE49lDg5hZKrSmMVl9KghWbKIBYUH1rhYeIYGw0mEWdQjO/JcXoXVacc4q1etqqXaZx1GAQziCE3DgHGpQhwY0AcMDPMELvBqPxrPxZrzPWpeMfOYA/pTx+Q3RvZxv</latexit>

H
p,q - Hodge decomposition

<latexit sha1_base64="8OkC69GEc50/YTgIZKwXlnIE6/g="></latexit>

H
4(Y,C) = H

4,0 �H
3,1 �H

2,2 �H
1,3 �H

0,4

Self-dual solutions satisfy: 
<latexit sha1_base64="M5D9KvrM60t8G8X0Ser0d4O7EtU="></latexit>

G4 2 H
4(Y,Z)\(H4,0 �H

2,2 �H
0,4)

➡ Study how             changes over the moduli space
⇒ variations of Hodge structures

<latexit sha1_base64="95UJPchojquhTeixW/Eq+Uw1GWA=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyChzHaMdTj0MuOE9wLdLWkWbaFpWlNUnGUfg8vfhUvHhTxJHjw25h1FXTzgcCP//95kid/P2JUKsv6MpaWV1bX1gsbxc2t7Z1dc2+/LcNYYNLCIQtF10eSMMpJS1HFSDcSBAU+Ix1/fDn1O3dESBryazWJiBugIacDipHSkmdWk152iSOGvptYFSur8gKkjZskKt+m3n3qmaUfFS6CnUMJ5NX0zI9eP8RxQLjCDEnp2Fak3AQJRTEjabEXSxIhPEZD4mjkKCDSTbK1UnislT4chEIfrmCm/p5IUCDlJPB1Z4DUSM57U/E/z4nV4NxNKI9iRTiePTSIGVQhnAYF+1QQrNhEA8KC6l0hHiGBsNJxFnUI9vyXF6FdrdinldpVrVS/yOMogENwBE6ADc5AHTRAE7QABg/gCbyAV+PReDbejPdZ65KRzxyAP2V8fgN+bZ1a</latexit>

H
p,q
x

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M

Hodge    = Weil Operator     :                             
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="Cu5I8Gi6U9H0znHaYwm+fOPzkyY=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEnhDxuQS8eo5gHJCHMTmaTIbOzy8ysEJb8gRcPinj1j7z5N84mEVS0oKGo6qa7y4sE18Z1P5zM2vrG5lZ2O7ezu7d/kD88auswVpS1aChC1fWIZoJL1jLcCNaNFCOBJ1jHm16lfueeKc1DeWdmERsEZCy5zykxVrq9wMN8wS26rosxRinB1YprSb1eK+EawqllUYAVmsP8e38U0jhg0lBBtO5hNzKDhCjDqWDzXD/WLCJ0SsasZ6kkAdODZHHpHJ1ZZYT8UNmSBi3U7xMJCbSeBZ7tDIiZ6N9eKv7l9WLj1wYJl1FsmKTLRX4skAlR+jYaccWoETNLCFXc3orohChCjQ0nZ0P4+hT9T9qlIq4UyzflQuNyFUcWTuAUzgFDFRpwDU1oAQUfHuAJnp2p8+i8OK/L1oyzmjmGH3DePgEwy40p</latexit>

+1
<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1

<latexit sha1_base64="J9/G3RvGGfYmPscwkgdBafUt4pw=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgxpDE0NZd0Y3LKvYBbSiT6aQdOnkwMxFK6B+4caGIW//InX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsrq2vlHcLG1t7+zulfcP2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT65yv3NPhWRxdKemCfVCPIpYwAhWWro9swflimVe1KuOW0WWaVk127Fz4tTccxfZWslRgSWag/J7fxiTNKSRIhxL2bOtRHkZFooRTmelfippgskEj2hP0wiHVHrZ/NIZOtHKEAWx0BUpNFe/T2Q4lHIa+rozxGosf3u5+JfXS1VQ9zIWJamiEVksClKOVIzyt9GQCUoUn2qCiWD6VkTGWGCidDglHcLXp+h/0nZMu2q6N26lcbmMowhHcAynYEMNGnANTWgBgQAe4AmejYnxaLwYr4vWgrGcOYQfMN4+AUbujTc=</latexit>�1
<latexit sha1_base64="xeEohARhtBipARe1RzICQAs8EXk=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiCIh9AtIcst6MVjAmaBZAg9nU7Spmehu0cIQ77AiwdFvPpJ3vwbe5IIKvqg4PFeFVX1vEgKbTD+cDJr6xubW9nt3M7u3v5B/vCorcNYMd5ioQxV16OaSxHwlhFG8m6kOPU9yTve9Dr1O/dcaREGt2YWcden40CMBKPGSs2LQb6AixhjQghKCamUsSW1WvWSVBFJLYsCrNAY5N/7w5DFPg8Mk1TrHsGRcROqjGCSz3P9WPOIsikd856lAfW5dpPFoXN0ZpUhGoXKVmDQQv0+kVBf65nv2U6fmon+7aXiX14vNqOqm4ggig0P2HLRKJbIhCj9Gg2F4szImSWUKWFvRWxCFWXGZpOzIXx9iv4n7csiKRdLzVKhfrWKIwsncArnQKACdbiBBrSAAYcHeIJn5855dF6c12VrxlnNHMMPOG+fv+WM7Q==</latexit>⇤ <latexit sha1_base64="sgI5AtUZJT1Osg1EU9PvQ0e7ZB4=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4Ct0hZLkFc/EYxSyQDKGn05M06Vno7hFCyB948aCIV//Im39jTxJBRR8UPN6roqqeF0uhDcYfTmZjc2t7J7ub29s/ODzKH590dJQoxtsskpHqeVRzKULeNsJI3osVp4EnedebNlO/e8+VFlF4Z2YxdwM6DoUvGDVWum2iYb6AixhjQghKCalWsCX1eq1EaoiklkUB1mgN8++DUcSSgIeGSap1n+DYuHOqjGCSL3KDRPOYsikd876lIQ24dufLSxfowioj5EfKVmjQUv0+MaeB1rPAs50BNRP920vFv7x+YvyaOxdhnBgestUiP5HIRCh9G42E4szImSWUKWFvRWxCFWXGhpOzIXx9iv4nnVKRVIrlm3KhcbWOIwtncA6XQKAKDbiGFrSBgQ8P8ATPztR5dF6c11VrxlnPnMIPOG+fO3+NMA==</latexit>

C



  Why is finiteness non-trivial?

➡ Simple case: consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `



  Why is finiteness non-trivial?

➡ Simple case: 

➡ Allow variation of Hodge structure                               : very hard problem
<latexit sha1_base64="F5R999Cv92Zr8amWDwSG7c0sE9w=">AAACMHicbVDNS8MwHE39nPOr6tFLcAgexmhlqMehB3cRJrgPWOtIs2wLS9OapLJR+id58U/Ri4IiXv0rTLsJuvkg8Hjv/ZJfnhcyKpVlvRoLi0vLK6u5tfz6xubWtrmz25BBJDCp44AFouUhSRjlpK6oYqQVCoJ8j5GmN7xI/eY9EZIG/EaNQ+L6qM9pj2KktNQxL2Mnu6Qt+p4bWyUrQ3GOJNXbOCzeJZ1RUnQgHEGHcuj4SA0wYvFV0jELP1E4T+wpKYApah3zyekGOPIJV5ghKdu2FSo3RkJRzEiSdyJJQoSHqE/amnLkE+nG2a4JPNRKF/YCoQ9XMFN/T8TIl3LsezqZrihnvVT8z2tHqnfmxpSHkSIcTx7qRQyqAKbtwS4VBCs21gRhQfWuEA+QQFjpjvO6BHv2y/OkcVyyT0rl63Khcj6tIwf2wQE4AjY4BRVQBTVQBxg8gGfwBt6NR+PF+DA+J9EFYzqzB/7A+PoG54GlWg==</latexit>

H
p,q
x , x 2 M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `



  Why is finiteness non-trivial?

➡ Simple case: 

➡ Allow variation of Hodge structure                               : very hard problem
<latexit sha1_base64="F5R999Cv92Zr8amWDwSG7c0sE9w=">AAACMHicbVDNS8MwHE39nPOr6tFLcAgexmhlqMehB3cRJrgPWOtIs2wLS9OapLJR+id58U/Ri4IiXv0rTLsJuvkg8Hjv/ZJfnhcyKpVlvRoLi0vLK6u5tfz6xubWtrmz25BBJDCp44AFouUhSRjlpK6oYqQVCoJ8j5GmN7xI/eY9EZIG/EaNQ+L6qM9pj2KktNQxL2Mnu6Qt+p4bWyUrQ3GOJNXbOCzeJZ1RUnQgHEGHcuj4SA0wYvFV0jELP1E4T+wpKYApah3zyekGOPIJV5ghKdu2FSo3RkJRzEiSdyJJQoSHqE/amnLkE+nG2a4JPNRKF/YCoQ9XMFN/T8TIl3LsezqZrihnvVT8z2tHqnfmxpSHkSIcTx7qRQyqAKbtwS4VBCs21gRhQfWuEA+QQFjpjvO6BHv2y/OkcVyyT0rl63Khcj6tIwf2wQE4AjY4BRVQBTVQBxg8gGfwBt6NR+PF+DA+J9EFYzqzB/7A+PoG54GlWg==</latexit>

H
p,q
x , x 2 M

→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `



  Why is finiteness non-trivial?

➡ Simple case: 

➡ Allow variation of Hodge structure                               : very hard problem
<latexit sha1_base64="F5R999Cv92Zr8amWDwSG7c0sE9w=">AAACMHicbVDNS8MwHE39nPOr6tFLcAgexmhlqMehB3cRJrgPWOtIs2wLS9OapLJR+id58U/Ri4IiXv0rTLsJuvkg8Hjv/ZJfnhcyKpVlvRoLi0vLK6u5tfz6xubWtrmz25BBJDCp44AFouUhSRjlpK6oYqQVCoJ8j5GmN7xI/eY9EZIG/EaNQ+L6qM9pj2KktNQxL2Mnu6Qt+p4bWyUrQ3GOJNXbOCzeJZ1RUnQgHEGHcuj4SA0wYvFV0jELP1E4T+wpKYApah3zyekGOPIJV5ghKdu2FSo3RkJRzEiSdyJJQoSHqE/amnLkE+nG2a4JPNRKF/YCoQ9XMFN/T8TIl3LsezqZrihnvVT8z2tHqnfmxpSHkSIcTx7qRQyqAKbtwS4VBCs21gRhQfWuEA+QQFjpjvO6BHv2y/OkcVyyT0rl63Khcj6tIwf2wQE4AjY4BRVQBTVQBxg8gGfwBt6NR+PF+DA+J9EFYzqzB/7A+PoG54GlWg==</latexit>

H
p,q
x , x 2 M

→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M
→ key challenge to show: no infinite tails in the asymptotic regimes of        

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `



  Why is finiteness non-trivial?

➡ Simple case: 

➡ Allow variation of Hodge structure                               : very hard problem
<latexit sha1_base64="F5R999Cv92Zr8amWDwSG7c0sE9w=">AAACMHicbVDNS8MwHE39nPOr6tFLcAgexmhlqMehB3cRJrgPWOtIs2wLS9OapLJR+id58U/Ri4IiXv0rTLsJuvkg8Hjv/ZJfnhcyKpVlvRoLi0vLK6u5tfz6xubWtrmz25BBJDCp44AFouUhSRjlpK6oYqQVCoJ8j5GmN7xI/eY9EZIG/EaNQ+L6qM9pj2KktNQxL2Mnu6Qt+p4bWyUrQ3GOJNXbOCzeJZ1RUnQgHEGHcuj4SA0wYvFV0jELP1E4T+wpKYApah3zyekGOPIJV5ghKdu2FSo3RkJRzEiSdyJJQoSHqE/amnLkE+nG2a4JPNRKF/YCoQ9XMFN/T8TIl3LsezqZrihnvVT8z2tHqnfmxpSHkSIcTx7qRQyqAKbtwS4VBCs21gRhQfWuEA+QQFjpjvO6BHv2y/OkcVyyT0rl63Khcj6tIwf2wQE4AjY4BRVQBTVQBxg8gGfwBt6NR+PF+DA+J9EFYzqzB/7A+PoG54GlWg==</latexit>

H
p,q
x , x 2 M

→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M
→ key challenge to show: no infinite tails in the asymptotic regimes of        

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `

➡ Idea: use asymptotic Hodge theory:  nilpotent orbit theorem [Schmid] , 
sl(2)-orbit theorem [Schmid][Cattani,Kaplan,Schmid]



  Why is finiteness non-trivial?

➡ Simple case: 

➡ Allow variation of Hodge structure                               : very hard problem
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→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M
→ key challenge to show: no infinite tails in the asymptotic regimes of        

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `

⇒ works well for one-parameter limits   [Schnell] [TG] ‘20

➡ Idea: use asymptotic Hodge theory:  nilpotent orbit theorem [Schmid] , 
sl(2)-orbit theorem [Schmid][Cattani,Kaplan,Schmid]



  Why is finiteness non-trivial?

➡ Simple case: consider a fixed (p,q)-decomposition (Hodge structure)

Define:    polarization
<latexit sha1_base64="UpnF5zcl2SsalxGziQ9+EFejiw8=">AAACB3icbVDLSgNBEJyNrxhfqx4FGQxCBAm7ElREIeDFYwLmIUkIs5NOMmR2dpmZTQhLbl78FS8eFPHqL3jzb5w8DppY0FBUddPd5YWcKe0431ZiaXlldS25ntrY3NresXf3yiqIJIUSDXggqx5RwJmAkmaaQzWUQHyPQ8Xr3Y79Sh+kYoG418MQGj7pCNZmlGgjNe3DYqZ/OjjBVze4zoRuxg8j3Mf1AbQ6gAe4aaedrDMBXiTujKTRDIWm/VVvBTTyQWjKiVI11wl1IyZSM8phlKpHCkJCe6QDNUMF8UE14skfI3xslBZuB9KU0Hii/p6Iia/U0PdMp090V817Y/E/rxbp9mUjZiKMNAg6XdSOONYBHoeCW0wC1XxoCKGSmVsx7RJJqDbRpUwI7vzLi6R8lnXPs7liLp2/nsWRRAfoCGWQiy5QHt2hAiohih7RM3pFb9aT9WK9Wx/T1oQ1m9lHf2B9/gD2YJd4</latexit>

Q(v, w) :=

Z

Y
v ^ w

<latexit sha1_base64="sLiedQX2UAEY1DP4fXSDlEgWOhg=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtSDQsCDHhMwD0iWZXbSmwyZfTAzq4Q1n+LFgyJe/RJv/o2TZA+aWNBQVHXT3eXFnEllWd9GbmV1bX0jv1nY2t7Z3TOL+y0ZJYJCk0Y8Eh2PSOAshKZiikMnFkACj0PbG91M/fYDCMmi8F6NY3ACMgiZzyhRWnLNYqN861ZPdZ3ga9wDzl2zZFWsGfAysTNSQhnqrvnV60c0CSBUlBMpu7YVKyclQjHKYVLoJRJiQkdkAF1NQxKAdNLZ6RN8rJU+9iOhK1R4pv6eSEkg5TjwdGdA1FAuelPxP6+bKP/SSVkYJwpCOl/kJxyrCE9zwH0mgCo+1oRQwfStmA6JIFTptAo6BHvx5WXSOqvY55Vqo1qqXWVx5NEhOkJlZKMLVEN3qI6aiKJH9Ixe0ZvxZLwY78bHvDVnZDMH6A+Mzx8RmpHw</latexit>

Q(G4, G4) = `
<latexit sha1_base64="7Iyh51MsHlIbL3wwVG8kuZqzOKs=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoIsNMKerCQsGFLluxD+iMQyZN29DMgySjlGn/wo2/4saFIm5159+YtrPQ6oHkHs65l+QeL2JUSNP80jILi0vLK9nV3Nr6xuaWvr3TEGHMManjkIW85SFBGA1IXVLJSCviBPkeI01vcDHxm3eECxoGN3IYEcdHvYB2KUZSSa5u2Ne015eI8/Ae2rBWuHRLx0dQ3YewbI9UhfbotgjLENqEMVfPm4Y5BfxLrJTkQYqqq3/anRDHPgkkZkiItmVG0kkQlxQzMs7ZsSARwgPUI21FA+QT4STTvcbwQCkd2A25OoGEU/XnRIJ8IYa+pzp9JPti3puI/3ntWHbPnIQGUSxJgGcPdWMGZQgnIcEO5QRLNlQEYU7VXyHuI46wVFHmVAjW/Mp/SaNoWCdGqVbKV87TOLJgD+yDArDAKaiAK1AFdYDBA3gCL+BVe9SetTftfdaa0dKZXfAL2sc3RX+cNA==</latexit>

) Q(G4, ⇤G4) = kG4k2 = `

⇒ using multi-variable Sl(2)-orbit theorem too involved

➡ Allow variation of Hodge structure                               : very hard problem
<latexit sha1_base64="F5R999Cv92Zr8amWDwSG7c0sE9w=">AAACMHicbVDNS8MwHE39nPOr6tFLcAgexmhlqMehB3cRJrgPWOtIs2wLS9OapLJR+id58U/Ri4IiXv0rTLsJuvkg8Hjv/ZJfnhcyKpVlvRoLi0vLK6u5tfz6xubWtrmz25BBJDCp44AFouUhSRjlpK6oYqQVCoJ8j5GmN7xI/eY9EZIG/EaNQ+L6qM9pj2KktNQxL2Mnu6Qt+p4bWyUrQ3GOJNXbOCzeJZ1RUnQgHEGHcuj4SA0wYvFV0jELP1E4T+wpKYApah3zyekGOPIJV5ghKdu2FSo3RkJRzEiSdyJJQoSHqE/amnLkE+nG2a4JPNRKF/YCoQ9XMFN/T8TIl3LsezqZrihnvVT8z2tHqnfmxpSHkSIcTx7qRQyqAKbtwS4VBCs21gRhQfWuEA+QQFjpjvO6BHv2y/OkcVyyT0rl63Khcj6tIwf2wQE4AjY4BRVQBTVQBxg8gGfwBt6NR+PF+DA+J9EFYzqzB/7A+PoG54GlWg==</latexit>

H
p,q
x , x 2 M

→ Weil operator (Hodge star) can degenerate on boundaries of 
<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M
→ key challenge to show: no infinite tails in the asymptotic regimes of        

<latexit sha1_base64="ppnw0/KLNK/vmxbQvRcmVbzFjCE=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIoseiFy9CBWsLaSib7bZdutmE3RehhP4MLx4U8eqv8ea/cdPmoK0DC8PMe+y8CRMpDLrut1NaWV1b3yhvVra2d3b3qvsHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8U3ut5+4NiJWDzhJeBDRoRIDwShaye9GFEeMyuxu2qvW3Lo7A1kmXkFqUKDZq351+zFLI66QSWqM77kJBhnVKJjk00o3NTyhbEyH3LdU0YibIJtFnpITq/TJINb2KSQz9fdGRiNjJlFoJ/OIZtHLxf88P8XBVZAJlaTIFZt/NEglwZjk95O+0JyhnFhCmRY2K2EjqilD21LFluAtnrxMHs/q3kXdvT+vNa6LOspwBMdwCh5cQgNuoQktYBDDM7zCm4POi/PufMxHS06xcwh/4Hz+AIPckWc=</latexit>

M

➡ Idea: use asymptotic Hodge theory:  nilpotent orbit theorem [Schmid] , 
sl(2)-orbit theorem [Schmid][Cattani,Kaplan,Schmid]



Theorems in Abstract 
Variations of Hodge Structures 



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )
<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="4z6xbnWQ1MDTWTaeFnNo7HJ3XOg="></latexit>

p : E ! X
<latexit sha1_base64="7hjRJ3o3b6TtQ2XX5uV9c0opk2M="></latexit>

HC,x =
M

p+q=2d

H
p,q
x , x 2 X

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="4z6xbnWQ1MDTWTaeFnNo7HJ3XOg="></latexit>

p : E ! X
<latexit sha1_base64="7hjRJ3o3b6TtQ2XX5uV9c0opk2M="></latexit>

HC,x =
M

p+q=2d

H
p,q
x , x 2 X

Theorem [Cattani,Deligne,Kaplan ’95]:   For integer           , locus of integral  
Hodge classes  
 
 
 
is algebraic, and the restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="agllbviil6oquOb6pTH22PYw4x8="></latexit>n
(x, v) 2 E : v 2 (Hd,d \HZ)x and Q(v, v) = `

o

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="4z6xbnWQ1MDTWTaeFnNo7HJ3XOg="></latexit>

p : E ! X
<latexit sha1_base64="7hjRJ3o3b6TtQ2XX5uV9c0opk2M="></latexit>

HC,x =
M

p+q=2d

H
p,q
x , x 2 X

Theorem [Cattani,Deligne,Kaplan ’95]:   For integer           , locus of integral  
Hodge classes  
 
 
 
is algebraic, and the restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="agllbviil6oquOb6pTH22PYw4x8="></latexit>n
(x, v) 2 E : v 2 (Hd,d \HZ)x and Q(v, v) = `

o

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M

➡ remarkable theorem which follows from the Hodge conjecture for Hodge 
structures associated to families of projective Kähler manifolds 

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y



  Reminder of a famous theorem

➡      smooth complex algebraic variety (e.g. moduli space               )
<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="F63JqMyX8hpg5grUTnnNfuAtxM8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MaNUME+oB1KJs20oZlkTDKFMvQ73LhQxK0f486/MdPOQlsPBA7n3Ms9OUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1mfmtMlWZSPJpJTP0IDwQLGcHGSn77uhthMySYp/fTXrniVt0Z0DLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMLptNRNNI0xGeEB7VgqcES1n85CT9GJVfoolMo+YdBM/b2R4kjrSRTYySyiXvQy8T+vk5jwyk+ZiBNDBZkfChOOjERZA6jPFCWGTyzBRDGbFZEhVpgY21PJluAtfnmZNM+q3kX1/OG8UrvJ6yjCERzDKXhwCTW4gzo0gMATPMMrvDlj58V5dz7mowUn3zmEP3A+fwC4DJIV</latexit>

X = M

➡ covers the finiteness of the special case:   
<latexit sha1_base64="qzjQjorHT7YLVeHOw+oqldA7BHI="></latexit>

G4 2 H
4(Y4,Z)\H2,2

(supersymmetric fluxes)

➡ Hodge bundle:                          with fibers   
<latexit sha1_base64="4z6xbnWQ1MDTWTaeFnNo7HJ3XOg="></latexit>

p : E ! X
<latexit sha1_base64="7hjRJ3o3b6TtQ2XX5uV9c0opk2M="></latexit>

HC,x =
M

p+q=2d

H
p,q
x , x 2 X

Theorem [Cattani,Deligne,Kaplan ’95]:   For integer           , locus of integral  
Hodge classes  
 
 
 
is algebraic, and the restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="agllbviil6oquOb6pTH22PYw4x8="></latexit>n
(x, v) 2 E : v 2 (Hd,d \HZ)x and Q(v, v) = `

o



  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
p,q

<latexit sha1_base64="1WEB5JklVx5hntVJFVPUz2WTGzQ="></latexit>n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o



  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>

` > 0

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="Vu+iidxjstCIa4pvwUfUEdoKjo0="></latexit>Ran,exp

<latexit sha1_base64="YEN6ZoEK1f86DbjGsxN8BtZwnp8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBiyWRol6EYi8eK9gPaGPZbDft0s0m7m4KNfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO822trK6tb2zmtvLbO7t7BXv/oKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf1id+s0RlYpF4l6PY+qFuC9YwAjWRurahSoaoWvEHtL47HGCRl276JScGdAycTNShAy1rv3V6UUkCanQhGOl2q4Tay/FUjPC6STfSRSNMRniPm0bKnBIlZfODp+gE6P0UBBJU0Kjmfp7IsWhUuPQN50h1gO16E3F/7x2ooMrL2UiTjQVZL4oSDjSEZqmgHpMUqL52BBMJDO3IjLAEhNtssqbENzFl5dJ47zkXpTKd+Vi5SaLIwdHcAyn4MIlVOAWalAHAgk8wyu8WU/Wi/VufcxbV6xs5hD+wPr8AfbWkgM=</latexit>

Cv = ip�qv
<latexit sha1_base64="Cjk9mD/Q8OOrPZmJQKjOG+VMOS8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GOxF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuLaiFg94iThfkSHSoSCUbTSQ530yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m186JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xwxs+ESlLkii0WhakkGJPZ22QgNGcoJ5ZQpoW9lbAR1ZShDadkQ/CWX14lrYuqd1W9vL+s1G7zOIpwAqdwDh5cQw3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+56jPo=</latexit>

C
<latexit sha1_base64="s7baZQwdyQDHWGrF0yamEj+LwiI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIrRT0WvfRYwX5Au5Zsmm1Ds9k0yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmBZIzbVz321lb39jc2s7t5Hf39g8OC0fHDR0nitA6iXmsWgHWlDNB64YZTltSURwFnDaD4f3Mb46p0iwWj2YiqR/hvmAhI9hYyR+jDhOo+pTKy9G0Wyi6JXcOtEq8jBQhQ61b+Or0YpJEVBjCsdZtz5XGT7EyjHA6zXcSTSUmQ9ynbUsFjqj20/nRU3RulR4KY2VLGDRXf0+kONJ6EgW2M8JmoJe9mfif105MeOunTMjEUEEWi8KEIxOjWQKoxxQlhk8swUQxeysiA6wwMTanvA3BW355lTSuSt51qfxQLlbusjhycApncAEe3EAFqlCDOhAYwTO8wpszdl6cd+dj0brmZDMn8AfO5w/5T5GZ</latexit>

v 2 H
p,q

<latexit sha1_base64="1WEB5JklVx5hntVJFVPUz2WTGzQ="></latexit>n
(x, v) 2 E : v 2 HZ,x and Cxv = v and Q(v, v) = `

o

quantized flux
<latexit sha1_base64="ssGaZs+sg8JQrKYlEBOVnlH7yLI=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQQUoiRV0WXdhlBfvQJobJdNoOnUzCzEQoIQs3/oobF4q49SPc+TdO2iy09cCFwzn3cu89XsioVKb5beSWlldW1/LrhY3Nre2d4u5eWwaRwKSFAxaIrockYZSTlqKKkW4oCPI9Rjre+DL1Ow9ESBrwGzUJieOjIacDipHSklssXbk1aFMOG/dxLancHts+UiPPi++SI7dYNqvmFHCRWBkpgwxNt/hl9wMc+YQrzJCUPcsMlRMjoShmJCnYkSQhwmM0JD1NOfKJdOLpEwk81EofDgKhiys4VX9PxMiXcuJ7ujM9Uc57qfif14vU4NyJKQ8jRTieLRpEDKoAponAPhUEKzbRBGFB9a0Qj5BAWOncCjoEa/7lRdI+qVqn1dp1rVy/yOLIgxI4ABVggTNQBw3QBC2AwSN4Bq/gzXgyXox342PWmjOymX3wB8bnD5vLltM=</latexit>

G4 2 H
4(Y,Z)



  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.

<latexit sha1_base64="6EUmzuhIM0FGKIAtCMpYKHNjz74=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2DppapYthgUkjVDqhGwWNsGG4EthOFNAoEtoLR7dRvPaHSXMYPZpygH9FBzEPOqLFSs4tCXLu9csWtujOQZeLlpAI56r3yV7cvWRphbJigWnc8NzF+RpXhTOCk1E01JpSN6AA7lsY0Qu1ns2sn5MQqfRJKZSs2ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwys94nKQGYzZfFKaCGEmmr5M+V8iMGFtCmeL2VsKGVFFmbEAlG4K3+PIyaZ5VvYvq+f15pXaTx1GEIziGU/DgEmpwB3VoAINHeIZXeHOk8+K8Ox/z1oKTzxzCHzifPwRhjsY=</latexit>
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  Generalization to self-dual classes

➡ recall Weil operator      (e.g. Hodge star):            

Theorem [Bakker,TG,Schnell,Tsimerman]:   For integer            ,  the locus of 
integral self-dual classes  
 
 
 
is                  - definable, closed real-analytic subspace of E and the  
restriction of      to this set is proper with finite fibers.
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‣ remove pathologies that can occur in ‘ordinary topology’
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➡ theory of o-minimal structures comes from model theory (logic) 
→ gives a generalization of real algebraic geometry  
→ provides a tame topology    intro book [van den Dries] 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→ definable manifolds, definable bundles,… a whole tame geometry 

➡ strong finiteness properties



  Finite subsets on the real line

finitely many points

finitely many intervals

open intervals  
(infinitely long)

➡ simplest situation:   finite number of subsets of
<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R



  Finite subsets on the real line

finitely many points

finitely many intervals

open intervals  
(infinitely long)

➡ simplest situation:   finite number of subsets of

➡ extremely hard to extend this to       .   Some intuitive requirements:

‣ projections to       should give the above sets


<latexit sha1_base64="wRuDGWaeWxl3Jhn3NTN+AijL0pY=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURE3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfBOtIslp+yMgGaJOyGl8w/7LHn9sqvt4qfXiUkaUaEJx0q1XCfRfoalZoTToe2liiaY9HGXtgwVOKLKz0aZh2jfKB0UxtI8odFI/b2R4UipQRSYyTyjmvZy8T+vlerw1M+YSFJNBRkfClOOdIzyAlCHSUo0HxiCiWQmKyI9LDHRpibblOBOf3mW1A/L7nH56NopVS5gjALswh4cgAsnUIErqEINCCTwAE/wbKXWo/VivY1H56zJzg78gfX+A6eWlRg=</latexit>

Rn

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R



  Finite subsets on the real line

finitely many points

finitely many intervals

open intervals  
(infinitely long)

➡ simplest situation:   finite number of subsets of

➡ extremely hard to extend this to       .   Some intuitive requirements:

‣ projections to       should give the above sets


<latexit sha1_base64="wRuDGWaeWxl3Jhn3NTN+AijL0pY=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURE3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfBOtIslp+yMgGaJOyGl8w/7LHn9sqvt4qfXiUkaUaEJx0q1XCfRfoalZoTToe2liiaY9HGXtgwVOKLKz0aZh2jfKB0UxtI8odFI/b2R4UipQRSYyTyjmvZy8T+vlerw1M+YSFJNBRkfClOOdIzyAlCHSUo0HxiCiWQmKyI9LDHRpibblOBOf3mW1A/L7nH56NopVS5gjALswh4cgAsnUIErqEINCCTwAE/wbKXWo/VivY1H56zJzg78gfX+A6eWlRg=</latexit>

Rn

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R

‣ finite unions, intersections, and products should be allowed 



  Finite subsets on the real line

finitely many points

finitely many intervals

open intervals  
(infinitely long)

➡ simplest situation:   finite number of subsets of

➡ extremely hard to extend this to       .   Some intuitive requirements:

‣ projections to       should give the above sets


<latexit sha1_base64="wRuDGWaeWxl3Jhn3NTN+AijL0pY=">AAAB83icbVDLSsNAFL3xWeOr6tLNYBFclURE3YhFNy6r2Ac0sUymk3boZBJmJkIJ/Q03LhR163e4dyP+jZO2C209MHA4517umRMknCntON/W3PzC4tJyYcVeXVvf2CxubddVnEpCayTmsWwGWFHOBK1ppjltJpLiKOC0EfQvc79xT6VisbjVg4T6Ee4KFjKCtZE8L8K6FwTZzfBOtIslp+yMgGaJOyGl8w/7LHn9sqvt4qfXiUkaUaEJx0q1XCfRfoalZoTToe2liiaY9HGXtgwVOKLKz0aZh2jfKB0UxtI8odFI/b2R4UipQRSYyTyjmvZy8T+vlerw1M+YSFJNBRkfClOOdIzyAlCHSUo0HxiCiWQmKyI9LDHRpibblOBOf3mW1A/L7nH56NopVS5gjALswh4cgAsnUIErqEINCCTwAE/wbKXWo/VivY1H56zJzg78gfX+A6eWlRg=</latexit>

Rn

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R

<latexit sha1_base64="VhLgOSJyjt/V4lExQvz0yOVpQFQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqhex6MVjFfuBbSib7aZdutmE3Y1QQv+FFw+K6NEf4t2L+G/ctD1o64OBx3szzJvxY86UdpxvK7ewuLS8kl+119Y3NrcK2zt1FSWS0BqJeCSbPlaUM0FrmmlOm7GkOPQ5bfiDy8xv3FOpWCRu9TCmXoh7ggWMYG2ku3aIdd/305tRp1B0Ss4YaJ64U1I8/7DP4rcvu9opfLa7EUlCKjThWKmW68TaS7HUjHA6stuJojEmA9yjLUMFDqny0nHiETowShcFkTQlNBqrvydSHCo1DH3TmSVUs14m/ue1Eh2ceikTcaKpIJNFQcKRjlB2PuoySYnmQ0MwkcxkRaSPJSbaPMk2T3BnT54n9aOSWy4dXzvFygVMkIc92IdDcOEEKnAFVagBAQEP8ATPlrIerRfrddKas6Yzu/AH1vsPH+OUOA==</latexit>

R

‣ finite unions, intersections, and products should be allowed 

‣ extending algebraic geometry: sets defined by polynomials included  
                                                      (algebraic sets)



  Tame Geometry

➡ Definition:  An o-minimal structure      of sets                        :          

‣         are subsets of 

‣         is closed under finite intersections, finite unions and complements

‣            closed under finite Cartesian products & coordinate projections

‣         contain zero set of every polynomial in n variables

‣          is the finite union of intervals and points  - tameness assumption

<latexit sha1_base64="J9lpDP3uoPk9PdJccvCqQBuVbBM=">AAAB/XicdVDLSgMxFM34rPVVHzs3wSK4KENSRduFILpxqWhroVOGTJrW0ExmSDJCHQZ/xY0LRdz6H+78GzNtBRU9cOFwzr3ce08QC64NQh/O1PTM7Nx8YaG4uLS8slpaW2/qKFGUNWgkItUKiGaCS9Yw3AjWihUjYSDYdTA4zf3rW6Y0j+SVGcasE5K+5D1OibGSX9r0UnjpS+hlfiqPUAVXXDfzS2XkIoQwxjAn+PAAWVKv16q4BnFuWZTBBOd+6d3rRjQJmTRUEK3bGMWmkxJlOBUsK3qJZjGhA9JnbUslCZnupKPrM7hjlS7sRcqWNHCkfp9ISaj1MAxsZ0jMjf7t5eJfXjsxvVon5TJODJN0vKiXCGgimEcBu1wxasTQEkIVt7dCekMUocYGVrQhfH0K/yfNqosP3L2L/fLxySSOAtgC22AXYHAIjsEZOAcNQMEdeABP4Nm5dx6dF+d13DrlTGY2wA84b59I/JPY</latexit>

{Sn}n=0,1,..

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="D1PWte8UWpuvp59R/E7Hw4Hh3x4=">AAACHHicbZBNS8MwGMdTX+d8q3r0EhyCBxmtE/U49OJxonuBtpQ0S7ewNC1JKozSD+LFr+LFgyJePAh+G7Ougm4+EPjx/z9P8uQfJIxKZVlfxsLi0vLKamWtur6xubVt7ux2ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBuMriZ+954ISWN+p8YJ8SI04DSkGCkt+WYjc4tLHDEIvMyqW0Udz0HuZvDW59DNYe6btR8ZzoNdQg2U1fLND7cf4zQiXGGGpHRsK1FehoSimJG86qaSJAiP0IA4GjmKiPSyYq8cHmqlD8NY6MMVLNTfExmKpBxHge6MkBrKWW8i/uc5qQovvIzyJFWE4+lDYcqgiuEkKdingmDFxhoQFlTvCvEQCYSVzrOqQ7BnvzwPnZO6fVZv3JzWmpdlHBWwDw7AEbDBOWiCa9ACbYDBA3gCL+DVeDSejTfjfdq6YJQze+BPGZ/fM2edEQ==</latexit>

{Sn}

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="I+AysDjr6D8Hfyp29fUJtON7aVQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLO9OGu6MZlpfYB7VAyaaYNzWSGJCOUoZ/gxoUibv0id/6N6UNQ0QMXDufcy733BAlnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hrud+6pVCwWd3qaUD/CI8FCRrA2UrM5cAbFErKRe+mWXYhst+xVvIohXq2GylXo2GiBElihMSi+94cxSSMqNOFYqZ6DEu1nWGpGOJ0V+qmiCSYTPKI9QwWOqPKzxakzeGaUIQxjaUpouFC/T2Q4UmoaBaYzwnqsfntz8S+vl+qw5mdMJKmmgiwXhSmHOobzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0r6wnYrt3nql+tUqjjw4AafgHDigCurgBjRACxAwAg/gCTxb3Hq0XqzXZWvOWs0cgx+w3j4BTa+N1g==</latexit>

S1



  Tame Geometry

➡ Definition:  An o-minimal structure      of sets                        :          

‣         are subsets of 

‣         is closed under finite intersections, finite unions and complements

‣            closed under finite Cartesian products & coordinate projections

‣         contain zero set of every polynomial in n variables

‣          is the finite union of intervals and points  - tameness assumption

<latexit sha1_base64="J9lpDP3uoPk9PdJccvCqQBuVbBM=">AAAB/XicdVDLSgMxFM34rPVVHzs3wSK4KENSRduFILpxqWhroVOGTJrW0ExmSDJCHQZ/xY0LRdz6H+78GzNtBRU9cOFwzr3ce08QC64NQh/O1PTM7Nx8YaG4uLS8slpaW2/qKFGUNWgkItUKiGaCS9Yw3AjWihUjYSDYdTA4zf3rW6Y0j+SVGcasE5K+5D1OibGSX9r0UnjpS+hlfiqPUAVXXDfzS2XkIoQwxjAn+PAAWVKv16q4BnFuWZTBBOd+6d3rRjQJmTRUEK3bGMWmkxJlOBUsK3qJZjGhA9JnbUslCZnupKPrM7hjlS7sRcqWNHCkfp9ISaj1MAxsZ0jMjf7t5eJfXjsxvVon5TJODJN0vKiXCGgimEcBu1wxasTQEkIVt7dCekMUocYGVrQhfH0K/yfNqosP3L2L/fLxySSOAtgC22AXYHAIjsEZOAcNQMEdeABP4Nm5dx6dF+d13DrlTGY2wA84b59I/JPY</latexit>

{Sn}n=0,1,..

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="D1PWte8UWpuvp59R/E7Hw4Hh3x4=">AAACHHicbZBNS8MwGMdTX+d8q3r0EhyCBxmtE/U49OJxonuBtpQ0S7ewNC1JKozSD+LFr+LFgyJePAh+G7Ougm4+EPjx/z9P8uQfJIxKZVlfxsLi0vLKamWtur6xubVt7ux2ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBuMriZ+954ISWN+p8YJ8SI04DSkGCkt+WYjc4tLHDEIvMyqW0Udz0HuZvDW59DNYe6btR8ZzoNdQg2U1fLND7cf4zQiXGGGpHRsK1FehoSimJG86qaSJAiP0IA4GjmKiPSyYq8cHmqlD8NY6MMVLNTfExmKpBxHge6MkBrKWW8i/uc5qQovvIzyJFWE4+lDYcqgiuEkKdingmDFxhoQFlTvCvEQCYSVzrOqQ7BnvzwPnZO6fVZv3JzWmpdlHBWwDw7AEbDBOWiCa9ACbYDBA3gCL+DVeDSejTfjfdq6YJQze+BPGZ/fM2edEQ==</latexit>

{Sn}

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="I+AysDjr6D8Hfyp29fUJtON7aVQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLO9OGu6MZlpfYB7VAyaaYNzWSGJCOUoZ/gxoUibv0id/6N6UNQ0QMXDufcy733BAlnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hrud+6pVCwWd3qaUD/CI8FCRrA2UrM5cAbFErKRe+mWXYhst+xVvIohXq2GylXo2GiBElihMSi+94cxSSMqNOFYqZ6DEu1nWGpGOJ0V+qmiCSYTPKI9QwWOqPKzxakzeGaUIQxjaUpouFC/T2Q4UmoaBaYzwnqsfntz8S+vl+qw5mdMJKmmgiwXhSmHOobzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0r6wnYrt3nql+tUqjjw4AafgHDigCurgBjRACxAwAg/gCTxb3Hq0XqzXZWvOWs0cgx+w3j4BTa+N1g==</latexit>

S1

➡    -definable functions among the      ’s are those whose graph is part  
of the o-minimal structure

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S <latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S



  Tame Geometry

➡ Definition:  An o-minimal structure      of sets                        :          

‣         are subsets of 

‣         is closed under finite intersections, finite unions and complements

‣            closed under finite Cartesian products & coordinate projections

‣         contain zero set of every polynomial in n variables

‣          is the finite union of intervals and points  - tameness assumption

<latexit sha1_base64="J9lpDP3uoPk9PdJccvCqQBuVbBM=">AAAB/XicdVDLSgMxFM34rPVVHzs3wSK4KENSRduFILpxqWhroVOGTJrW0ExmSDJCHQZ/xY0LRdz6H+78GzNtBRU9cOFwzr3ce08QC64NQh/O1PTM7Nx8YaG4uLS8slpaW2/qKFGUNWgkItUKiGaCS9Yw3AjWihUjYSDYdTA4zf3rW6Y0j+SVGcasE5K+5D1OibGSX9r0UnjpS+hlfiqPUAVXXDfzS2XkIoQwxjAn+PAAWVKv16q4BnFuWZTBBOd+6d3rRjQJmTRUEK3bGMWmkxJlOBUsK3qJZjGhA9JnbUslCZnupKPrM7hjlS7sRcqWNHCkfp9ISaj1MAxsZ0jMjf7t5eJfXjsxvVon5TJODJN0vKiXCGgimEcBu1wxasTQEkIVt7dCekMUocYGVrQhfH0K/yfNqosP3L2L/fLxySSOAtgC22AXYHAIjsEZOAcNQMEdeABP4Nm5dx6dF+d13DrlTGY2wA84b59I/JPY</latexit>

{Sn}n=0,1,..

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="D1PWte8UWpuvp59R/E7Hw4Hh3x4=">AAACHHicbZBNS8MwGMdTX+d8q3r0EhyCBxmtE/U49OJxonuBtpQ0S7ewNC1JKozSD+LFr+LFgyJePAh+G7Ougm4+EPjx/z9P8uQfJIxKZVlfxsLi0vLKamWtur6xubVt7ux2ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBuMriZ+954ISWN+p8YJ8SI04DSkGCkt+WYjc4tLHDEIvMyqW0Udz0HuZvDW59DNYe6btR8ZzoNdQg2U1fLND7cf4zQiXGGGpHRsK1FehoSimJG86qaSJAiP0IA4GjmKiPSyYq8cHmqlD8NY6MMVLNTfExmKpBxHge6MkBrKWW8i/uc5qQovvIzyJFWE4+lDYcqgiuEkKdingmDFxhoQFlTvCvEQCYSVzrOqQ7BnvzwPnZO6fVZv3JzWmpdlHBWwDw7AEbDBOWiCa9ACbYDBA3gCL+DVeDSejTfjfdq6YJQze+BPGZ/fM2edEQ==</latexit>

{Sn}

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="I+AysDjr6D8Hfyp29fUJtON7aVQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLO9OGu6MZlpfYB7VAyaaYNzWSGJCOUoZ/gxoUibv0id/6N6UNQ0QMXDufcy733BAlnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hrud+6pVCwWd3qaUD/CI8FCRrA2UrM5cAbFErKRe+mWXYhst+xVvIohXq2GylXo2GiBElihMSi+94cxSSMqNOFYqZ6DEu1nWGpGOJ0V+qmiCSYTPKI9QwWOqPKzxakzeGaUIQxjaUpouFC/T2Q4UmoaBaYzwnqsfntz8S+vl+qw5mdMJKmmgiwXhSmHOobzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0r6wnYrt3nql+tUqjjw4AafgHDigCurgBjRACxAwAg/gCTxb3Hq0XqzXZWvOWs0cgx+w3j4BTa+N1g==</latexit>

S1

➡    -definable functions among the      ’s are those whose graph is part  
of the o-minimal structure

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S <latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S
Non-Example:    
is never a definable function

<latexit sha1_base64="MoiJ6VDY3ijSADzRl6Do1n96lTw="></latexit>

sin(x), x 2 RExample: polynomial function



  Tame Geometry

➡ Definition:  An o-minimal structure      of sets                        :          

‣         are subsets of 

‣         is closed under finite intersections, finite unions and complements

‣            closed under finite Cartesian products & coordinate projections

‣         contain zero set of every polynomial in n variables

‣          is the finite union of intervals and points  - tameness assumption

<latexit sha1_base64="J9lpDP3uoPk9PdJccvCqQBuVbBM=">AAAB/XicdVDLSgMxFM34rPVVHzs3wSK4KENSRduFILpxqWhroVOGTJrW0ExmSDJCHQZ/xY0LRdz6H+78GzNtBRU9cOFwzr3ce08QC64NQh/O1PTM7Nx8YaG4uLS8slpaW2/qKFGUNWgkItUKiGaCS9Yw3AjWihUjYSDYdTA4zf3rW6Y0j+SVGcasE5K+5D1OibGSX9r0UnjpS+hlfiqPUAVXXDfzS2XkIoQwxjAn+PAAWVKv16q4BnFuWZTBBOd+6d3rRjQJmTRUEK3bGMWmkxJlOBUsK3qJZjGhA9JnbUslCZnupKPrM7hjlS7sRcqWNHCkfp9ISaj1MAxsZ0jMjf7t5eJfXjsxvVon5TJODJN0vKiXCGgimEcBu1wxasTQEkIVt7dCekMUocYGVrQhfH0K/yfNqosP3L2L/fLxySSOAtgC22AXYHAIjsEZOAcNQMEdeABP4Nm5dx6dF+d13DrlTGY2wA84b59I/JPY</latexit>

{Sn}n=0,1,..

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="D1PWte8UWpuvp59R/E7Hw4Hh3x4=">AAACHHicbZBNS8MwGMdTX+d8q3r0EhyCBxmtE/U49OJxonuBtpQ0S7ewNC1JKozSD+LFr+LFgyJePAh+G7Ougm4+EPjx/z9P8uQfJIxKZVlfxsLi0vLKamWtur6xubVt7ux2ZJwKTNo4ZrHoBUgSRjlpK6oY6SWCoChgpBuMriZ+954ISWN+p8YJ8SI04DSkGCkt+WYjc4tLHDEIvMyqW0Udz0HuZvDW59DNYe6btR8ZzoNdQg2U1fLND7cf4zQiXGGGpHRsK1FehoSimJG86qaSJAiP0IA4GjmKiPSyYq8cHmqlD8NY6MMVLNTfExmKpBxHge6MkBrKWW8i/uc5qQovvIzyJFWE4+lDYcqgiuEkKdingmDFxhoQFlTvCvEQCYSVzrOqQ7BnvzwPnZO6fVZv3JzWmpdlHBWwDw7AEbDBOWiCa9ACbYDBA3gCL+DVeDSejTfjfdq6YJQze+BPGZ/fM2edEQ==</latexit>

{Sn}

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S

<latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="I+AysDjr6D8Hfyp29fUJtON7aVQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLO9OGu6MZlpfYB7VAyaaYNzWSGJCOUoZ/gxoUibv0id/6N6UNQ0QMXDufcy733BAlnSiP0YeXW1jc2t/LbhZ3dvf2D4uFRW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hrud+6pVCwWd3qaUD/CI8FCRrA2UrM5cAbFErKRe+mWXYhst+xVvIohXq2GylXo2GiBElihMSi+94cxSSMqNOFYqZ6DEu1nWGpGOJ0V+qmiCSYTPKI9QwWOqPKzxakzeGaUIQxjaUpouFC/T2Q4UmoaBaYzwnqsfntz8S+vl+qw5mdMJKmmgiwXhSmHOobzv+GQSUo0nxqCiWTmVkjGWGKiTToFE8LXp/B/0r6wnYrt3nql+tUqjjw4AafgHDigCurgBjRACxAwAg/gCTxb3Hq0XqzXZWvOWs0cgx+w3j4BTa+N1g==</latexit>

S1

➡    -definable functions among the      ’s are those whose graph is part  
of the o-minimal structure

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S <latexit sha1_base64="faUQA2EnYcucd7eN5390MuvUlQU=">AAACFXicbVDLSsNAFL3xWesr6tJNsAguSklU1GXRjcuK9gFtCJPppB06mYSZiVBCfsKNv+LGhSJuBXf+jdM0grYeGDhzzr137hw/ZlQq2/4yFhaXlldWS2vl9Y3NrW1zZ7clo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90NfHb90RIGvE7NY6JG6IBpwHFSGnJM6tpLx/SFQPfTe2anaM6R7Jbj2eeWfm5W/PEKUgFCjQ887PXj3ASEq4wQ1J2HTtWboqEopiRrNxLJIkRHqEB6WrKUUikm+YLZdahVvpWEAl9uLJy9XdHikIpx6GvK0OkhnLWm4j/ed1EBRduSnmcKMLx9KEgYZaKrElEVp8KghUba4KwoHpXCw+RQFjpIMs6BGf2y/OkdVxzzmonN6eV+mURRwn24QCOwIFzqMM1NKAJGB7gCV7g1Xg0no03431aumAUPXvwB8bHN7JFmrs=</latexit>

Sn
<latexit sha1_base64="BGOnsDHx3qV1t3PrO8hHL1+N9Dw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2gdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRSPZprQIMYjwSJGsLGS34+xGRPMs4fZoFpz6+4caJV4BalBgdag+tUfSpLGVBjCsda+5yYmyLAyjHA6q/RTTRNMJnhEfUsFjqkOsnnkGTqzyhBFUtknDJqrvzcyHGs9jUM7mUfUy14u/uf5qYmug4yJJDVUkMVHUcqRkSi/Hw2ZosTwqSWYKGazIjLGChNjW6rYErzlk1dJ56LuXdYb941a86aoowwncArn4MEVNOEOWtAGAhKe4RXeHOO8OO/Ox2K05BQ7x/AHzucPjpaRcg==</latexit>

S

➡    -definable manifold: finite definable atlas and transition functions 
are definable

<latexit sha1_base64="qiPUkKe8u4GoBd7LJbUZ0RTRXm4=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJanSx67oxmVF+4DpUDJp2oZmkiHJCGXoZ7hxoYhbv8adf2OmraCiBwKHc+4l554wFtxYhD68ldW19Y3N3FZ+e2d3b79wcNg2KtGUtagSSndDYpjgkrUst4J1Y81IFArWCSdXmd+5Z9pwJe/sNGZBREaSDzkl1kl+LyJ2TIlIb2f9QhGVEEIYY5gRXK0gR+r1WhnXIM4shyJYotkvvPcGiiYRk5YKYoyPUWyDlGjLqWCzfC8xLCZ0QkbMd1SSiJkgnUeewVOnDOBQafekhXP1+0ZKImOmUegms4jmt5eJf3l+Yoe1IOUyTiyTdPHRMBHQKpjdDwdcM2rF1BFCNXdZIR0TTah1LeVdCV+Xwv9Ju1zCldL5zUWxcbmsIweOwQk4AxhUQQNcgyZoAQoUeABP4Nmz3qP34r0uRle85c4R+AHv7RPbOpGn</latexit>

S



  Tame Geometry

Result (1):       definable 

split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="weNuMCG6Jxf1yINDe7O1tCNCrbw="></latexit>

f : R ! R
<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f



  Tame Geometry

Result (1):       definable 

split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="weNuMCG6Jxf1yINDe7O1tCNCrbw="></latexit>

f : R ! R
<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f

→  differentiable apart from finitely many points 
→  finitely many suprema and infima  
→  tame tail to infinity



  Tame Geometry

Result (2):    definable + holomorphic                           →  algebraic 
<latexit sha1_base64="2Ug92bBKdNqXLpo9ppaFgABLJaY=">AAACDXicbVDLSsNAFJ3UV62vqEtFBqvgqiQiKq6K3bhswT6gCWUynbRDJ5kwM1FK6NKNG3/FjVBF3Lp35zf4E07aLmrrgQuHc+7l3nu8iFGpLOvbyCwsLi2vZFdza+sbm1vm9k5N8lhgUsWccdHwkCSMhqSqqGKkEQmCAo+RutcrpX79jghJeXir+hFxA9QJqU8xUlpqmUf+FXQCpLqel5QG0BG001VICH4/JbfMvFWwRoDzxJ6QfHF/WPl5OBiWW+aX0+Y4DkioMENSNm0rUm6ChKKYkUHOiSWJEO6hDmlqGqKASDcZfTOAx1ppQ58LXaGCI3V6IkGBlP3A053phXLWS8X/vGas/Es3oWEUKxLi8SI/ZlBxmEYD21QQrFhfE4QF1bdC3EUCYaUDzOkQ7NmX50nttGCfF84qOo1rMEYW7IFDcAJscAGK4AaUQRVg8AiewSt4M56MF+Pd+Bi3ZozJzC74A+PzF1Dxn3I=</latexit>

f : C ! C

Result (1):       definable 

split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="weNuMCG6Jxf1yINDe7O1tCNCrbw="></latexit>

f : R ! R
<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f



  Tame Geometry

Result (2):    definable + holomorphic                           →  algebraic 
<latexit sha1_base64="2Ug92bBKdNqXLpo9ppaFgABLJaY=">AAACDXicbVDLSsNAFJ3UV62vqEtFBqvgqiQiKq6K3bhswT6gCWUynbRDJ5kwM1FK6NKNG3/FjVBF3Lp35zf4E07aLmrrgQuHc+7l3nu8iFGpLOvbyCwsLi2vZFdza+sbm1vm9k5N8lhgUsWccdHwkCSMhqSqqGKkEQmCAo+RutcrpX79jghJeXir+hFxA9QJqU8xUlpqmUf+FXQCpLqel5QG0BG001VICH4/JbfMvFWwRoDzxJ6QfHF/WPl5OBiWW+aX0+Y4DkioMENSNm0rUm6ChKKYkUHOiSWJEO6hDmlqGqKASDcZfTOAx1ppQ58LXaGCI3V6IkGBlP3A053phXLWS8X/vGas/Es3oWEUKxLi8SI/ZlBxmEYD21QQrFhfE4QF1bdC3EUCYaUDzOkQ7NmX50nttGCfF84qOo1rMEYW7IFDcAJscAGK4AaUQRVg8AiewSt4M56MF+Pd+Bi3ZozJzC74A+PzF1Dxn3I=</latexit>

f : C ! C

Note: complex exponential                                                is not definable in any 

           o-minimal structure  

<latexit sha1_base64="DFXCC6YssQDViUjup9rPmIerLG8=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UQhJJIqSIIxW5cVrAPaGKZTCfN0MmDmYlSQ/7Ejb/ixoUi4q5/46TNorYeGOZwzr3ce48TMSqkYUy0wsrq2vpGcbO0tb2zu6fvH7RFGHNMWjhkIe86SBBGA9KSVDLSjThBvsNIxxk1Mr/zSLigYXAvxxGxfTQMqEsxkkrq6zXykDyn8Bqqn59RK/JoegUtH0nPcZJGCi1Oh55EnIdPc3JfLxsVYwq4TMyclEGOZl//sQYhjn0SSMyQED3TiKSdIC4pZiQtWbEgEcIjNCQ9RQPkE2En0/tSeKKUAXRDrl4g4VSd70iQL8TYd1RltqFY9DLxP68XS/fSTmgQxZIEeDbIjRmUIczCggPKCZZsrAjCnKpdIfYQR1iqSEsqBHPx5GXSPq+YtUr1rlqu3+RxFMEROAanwAQXoA5uQRO0AAYv4A18gE/tVXvXvrTvWWlBy3sOwR9ok19GHKMp</latexit>

ez = er+i� : C ! C

Result (1):       definable 

split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="weNuMCG6Jxf1yINDe7O1tCNCrbw="></latexit>

f : R ! R
<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f



  Tame Geometry

Result (2):    definable + holomorphic                           →  algebraic 
<latexit sha1_base64="2Ug92bBKdNqXLpo9ppaFgABLJaY=">AAACDXicbVDLSsNAFJ3UV62vqEtFBqvgqiQiKq6K3bhswT6gCWUynbRDJ5kwM1FK6NKNG3/FjVBF3Lp35zf4E07aLmrrgQuHc+7l3nu8iFGpLOvbyCwsLi2vZFdza+sbm1vm9k5N8lhgUsWccdHwkCSMhqSqqGKkEQmCAo+RutcrpX79jghJeXir+hFxA9QJqU8xUlpqmUf+FXQCpLqel5QG0BG001VICH4/JbfMvFWwRoDzxJ6QfHF/WPl5OBiWW+aX0+Y4DkioMENSNm0rUm6ChKKYkUHOiSWJEO6hDmlqGqKASDcZfTOAx1ppQ58LXaGCI3V6IkGBlP3A053phXLWS8X/vGas/Es3oWEUKxLi8SI/ZlBxmEYD21QQrFhfE4QF1bdC3EUCYaUDzOkQ7NmX50nttGCfF84qOo1rMEYW7IFDcAJscAGK4AaUQRVg8AiewSt4M56MF+Pd+Bi3ZozJzC74A+PzF1Dxn3I=</latexit>

f : C ! C

Note: complex exponential                                                is not definable in any 

           o-minimal structure  

<latexit sha1_base64="DFXCC6YssQDViUjup9rPmIerLG8=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UQhJJIqSIIxW5cVrAPaGKZTCfN0MmDmYlSQ/7Ejb/ixoUi4q5/46TNorYeGOZwzr3ce48TMSqkYUy0wsrq2vpGcbO0tb2zu6fvH7RFGHNMWjhkIe86SBBGA9KSVDLSjThBvsNIxxk1Mr/zSLigYXAvxxGxfTQMqEsxkkrq6zXykDyn8Bqqn59RK/JoegUtH0nPcZJGCi1Oh55EnIdPc3JfLxsVYwq4TMyclEGOZl//sQYhjn0SSMyQED3TiKSdIC4pZiQtWbEgEcIjNCQ9RQPkE2En0/tSeKKUAXRDrl4g4VSd70iQL8TYd1RltqFY9DLxP68XS/fSTmgQxZIEeDbIjRmUIczCggPKCZZsrAjCnKpdIfYQR1iqSEsqBHPx5GXSPq+YtUr1rlqu3+RxFMEROAanwAQXoA5uQRO0AAYv4A18gE/tVXvXvrTvWWlBy3sOwR9ok19GHKMp</latexit>

ez = er+i� : C ! C
<latexit sha1_base64="Dsb3FwQOAFVwWw3SBBPiJ7otHgM="></latexit>

ez = er(cos(�) + i sin(�))

infinitely many zeros on 
<latexit sha1_base64="unEuT7utuAP30hCdIaTdySdTKpg=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APboWTS2zY0kxmSjFCG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybkniAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8k/mtJ1SaR/LBTGL0QzqUfMAZNVZ67IbUjIIgvZ/2yhW36s5AlomXkwrkqPfKX91+xJIQpWGCat3x3Nj4KVWGM4HTUjfRGFM2pkPsWCppiNpPZ4mn5MQqfTKIlH3SkJn6eyOlodaTMLCTWUK96GXif14nMYMrP+UyTgxKNv9okAhiIpKdT/pcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F9Xzu/NK7TqvowhHcAyn4MEl1OAW6tAABhKe4RXeHO28OO/Ox3y04OQ7h/AHzucPwE2Q+w==</latexit>R

Result (1):       definable 

split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="weNuMCG6Jxf1yINDe7O1tCNCrbw="></latexit>

f : R ! R
<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f



  Tame Geometry

Result (2):    definable + holomorphic                           →  algebraic 
<latexit sha1_base64="2Ug92bBKdNqXLpo9ppaFgABLJaY=">AAACDXicbVDLSsNAFJ3UV62vqEtFBqvgqiQiKq6K3bhswT6gCWUynbRDJ5kwM1FK6NKNG3/FjVBF3Lp35zf4E07aLmrrgQuHc+7l3nu8iFGpLOvbyCwsLi2vZFdza+sbm1vm9k5N8lhgUsWccdHwkCSMhqSqqGKkEQmCAo+RutcrpX79jghJeXir+hFxA9QJqU8xUlpqmUf+FXQCpLqel5QG0BG001VICH4/JbfMvFWwRoDzxJ6QfHF/WPl5OBiWW+aX0+Y4DkioMENSNm0rUm6ChKKYkUHOiSWJEO6hDmlqGqKASDcZfTOAx1ppQ58LXaGCI3V6IkGBlP3A053phXLWS8X/vGas/Es3oWEUKxLi8SI/ZlBxmEYD21QQrFhfE4QF1bdC3EUCYaUDzOkQ7NmX50nttGCfF84qOo1rMEYW7IFDcAJscAGK4AaUQRVg8AiewSt4M56MF+Pd+Bi3ZozJzC74A+PzF1Dxn3I=</latexit>

f : C ! C

Note: complex exponential                                                is not definable in any 

           o-minimal structure  

<latexit sha1_base64="DFXCC6YssQDViUjup9rPmIerLG8=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0UQhJJIqSIIxW5cVrAPaGKZTCfN0MmDmYlSQ/7Ejb/ixoUi4q5/46TNorYeGOZwzr3ce48TMSqkYUy0wsrq2vpGcbO0tb2zu6fvH7RFGHNMWjhkIe86SBBGA9KSVDLSjThBvsNIxxk1Mr/zSLigYXAvxxGxfTQMqEsxkkrq6zXykDyn8Bqqn59RK/JoegUtH0nPcZJGCi1Oh55EnIdPc3JfLxsVYwq4TMyclEGOZl//sQYhjn0SSMyQED3TiKSdIC4pZiQtWbEgEcIjNCQ9RQPkE2En0/tSeKKUAXRDrl4g4VSd70iQL8TYd1RltqFY9DLxP68XS/fSTmgQxZIEeDbIjRmUIczCggPKCZZsrAjCnKpdIfYQR1iqSEsqBHPx5GXSPq+YtUr1rlqu3+RxFMEROAanwAQXoA5uQRO0AAYv4A18gE/tVXvXvrTvWWlBy3sOwR9ok19GHKMp</latexit>

ez = er+i� : C ! C

→ restrict domain in     , but      : does such an o-minimal structure exist
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="oOICtlVYoxXOL7pQ1jvjBNfMHq4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaWDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVa6x0fVK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4svLpHlW9S6q53fnldp1HkcRjuAYTsGDS6jBLdShAQwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwBSq43W</latexit>

er

Result (1):       definable 

split      into finite number  
of intervals:      is either  
constant, or monotonic 
and continuous in  
each open interval 

<latexit sha1_base64="weNuMCG6Jxf1yINDe7O1tCNCrbw="></latexit>

f : R ! R
<latexit sha1_base64="9VkzIlNbsqeb1zeX3vnPHp3lN9A=">AAACHnicbVBLSwMxGMzWV62vVY9eQosgKGVXrHosevFYxT6gu5Rsmm1Dsw+SrLAs+y+8efGvePGgiODJ/huz3Ra0dSAwzMyXfBknZFRIwxhrhaXlldW14nppY3Nre0ff3WuJIOKYNHHAAt5xkCCM+qQpqWSkE3KCPIeRtjO6zvz2A+GCBv69jENie2jgU5diJJXU02swsSa3dPnAsROjWjMynBhVY0ZyJbU8JIeOk9ylMO3plVkALhJzSir1snX8OK7HjZ7+ZfUDHHnEl5ghIbqmEUo7QVxSzEhasiJBQoRHaEC6ivrII8JOJoul8FApfegGXB1fwon6eyJBnhCx56hktqOY9zLxP68bSffSTqgfRpL4OH/IjRiUAcy6gn3KCZYsVgRhTtWuEA8RR1iqRkuqBHP+y4ukdVo1z6tnt6qNK5CjCA5AGRwBE1yAOrgBDdAEGDyBF/AG3rVn7VX70D7zaEGbzuyDP9C+fwB9VKFf</latexit>

R
<latexit sha1_base64="sgCsvuljLipxJ+IJA3ctYYJbLi8=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZE1GPQi8cEzALJEHo6NUmbnoXuHiEMOXry4kERr35FvsOb3+BP2FkOmvig4PFeFVX1vFhwpW37y8osLa+srmXXcxubW9s7+d29mooSybDKIhHJhkcVCh5iVXMtsBFLpIEnsO71b8Z+/QGl4lF4pwcxugHthtznjGojVfx2vmAX7QnIInFmpFA6HFW+H49G5Xb+s9WJWBJgqJmgSjUdO9ZuSqXmTOAw10oUxpT1aRebhoY0QOWmk0OH5MQoHeJH0lSoyUT9PZHSQKlB4JnOgOqemvfG4n9eM9H+lZvyME40hmy6yE8E0REZf006XCLTYmAIZZKbWwnrUUmZNtnkTAjO/MuLpHZWdC6K5xWTxjVMkYUDOIZTcOASSnALZagCA4QneIFX6956tt6s92lrxprN7MMfWB8/ut6Qmg==</latexit>

f



  Examples of o-minimal structures

➡ there is no unique choice of o-minimal structure on         :

‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn



  Examples of o-minimal structures

➡ there is no unique choice of o-minimal structure on         :

‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial

➡ Some important examples:


‣ structure generated by real polynomials: 
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn



  Examples of o-minimal structures

➡ there is no unique choice of o-minimal structure on         :

‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial

➡ Some important examples:


‣ structure generated by real polynomials: 
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg
<latexit sha1_base64="EcodO6nDDjJ6mMZOK3PIoZlFnUM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqioi6LblxWsQ9oQphMp+3QySTM3IglZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75gQxZwps+9soLSwuLa+UVytr6xubW+b2TktFiSS0SSIeyU6AFeVM0CYw4LQTS4rDgNN2MLrK/fY9lYpF4g7GMfVCPBCszwgGLfnmnhtiGAZBepv5qQv0AVIsssw3q3bNnsCaJ05BqqhAwze/3F5EkpAKIBwr1XXsGLwUS2CE06ziJorGmIzwgHY1FTikyksn+TPrUCs9qx9J/QRYE/X3RopDpcZhoCfztGrWy8X/vG4C/QsvZSJOgAoyPdRPuAWRlZdh9ZikBPhYE0wk01ktMsQSE9CVVXQJzuyX50nruOac1U5uTqv1y6KOMtpHB+gIOegc1dE1aqAmIugRPaNX9GY8GS/Gu/ExHS0Zxc4u+gPj8wc1pJbi</latexit>Ran

‣             plus restricted real analytic functions:



  Examples of o-minimal structures

➡ there is no unique choice of o-minimal structure on         :

‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial

➡ Some important examples:


‣ structure generated by real polynomials: 
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg
<latexit sha1_base64="EcodO6nDDjJ6mMZOK3PIoZlFnUM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqioi6LblxWsQ9oQphMp+3QySTM3IglZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75gQxZwps+9soLSwuLa+UVytr6xubW+b2TktFiSS0SSIeyU6AFeVM0CYw4LQTS4rDgNN2MLrK/fY9lYpF4g7GMfVCPBCszwgGLfnmnhtiGAZBepv5qQv0AVIsssw3q3bNnsCaJ05BqqhAwze/3F5EkpAKIBwr1XXsGLwUS2CE06ziJorGmIzwgHY1FTikyksn+TPrUCs9qx9J/QRYE/X3RopDpcZhoCfztGrWy8X/vG4C/QsvZSJOgAoyPdRPuAWRlZdh9ZikBPhYE0wk01ktMsQSE9CVVXQJzuyX50nruOac1U5uTqv1y6KOMtpHB+gIOegc1dE1aqAmIugRPaNX9GY8GS/Gu/ExHS0Zxc4u+gPj8wc1pJbi</latexit>Ran

‣             plus restricted real analytic functions:
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg
[Wilkie ’96]

‣              plus exponential function:
<latexit sha1_base64="LHzv05S1OhjwDX6hZk5yARohCVI="></latexit>

P (x1, ..., xn, e
x1 , ..., exn) = 0



  Examples of o-minimal structures

➡ there is no unique choice of o-minimal structure on         :

‣ examples are obtained by stating which functions are allowed  

to generate some of the sets  →  non-trivial

➡ Some important examples:


‣ structure generated by real polynomials: 
<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg

<latexit sha1_base64="ALllurqOmULNuuGFeddWXvkI7R8="></latexit>

P (x1, ..., xn) = 0

<latexit sha1_base64="yKCXfrautzQ5qEW7cs7NLL9krJ8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQq6rLoxmUV+4Amlsl00g6dTMI8hBL6G25cKOLWn3Hn3zhps9DqgYHDOfdyz5ww5Uxp1/1ySkvLK6tr5fXKxubW9k51d6+tEiMJbZGEJ7IbYkU5E7Slmea0m0qK45DTTji+zv3OI5WKJeJeT1IaxHgoWMQI1lby/RjrURhmd9MH0a/W3Lo7A/pLvILUoECzX/30BwkxMRWacKxUz3NTHWRYakY4nVZ8o2iKyRgPac9SgWOqgmyWeYqOrDJAUSLtExrN1J8bGY6VmsShncwzqkUvF//zekZHl0HGRGo0FWR+KDIc6QTlBaABk5RoPrEEE8lsVkRGWGKibU0VW4K3+OW/pH1S987rp7dntcZVUUcZDuAQjsGDC2jADTShBQRSeIIXeHWM8+y8Oe/z0ZJT7OzDLzgf30e9kdo=</latexit>

Rn

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg
<latexit sha1_base64="EcodO6nDDjJ6mMZOK3PIoZlFnUM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqioi6LblxWsQ9oQphMp+3QySTM3IglZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75gQxZwps+9soLSwuLa+UVytr6xubW+b2TktFiSS0SSIeyU6AFeVM0CYw4LQTS4rDgNN2MLrK/fY9lYpF4g7GMfVCPBCszwgGLfnmnhtiGAZBepv5qQv0AVIsssw3q3bNnsCaJ05BqqhAwze/3F5EkpAKIBwr1XXsGLwUS2CE06ziJorGmIzwgHY1FTikyksn+TPrUCs9qx9J/QRYE/X3RopDpcZhoCfztGrWy8X/vG4C/QsvZSJOgAoyPdRPuAWRlZdh9ZikBPhYE0wk01ktMsQSE9CVVXQJzuyX50nruOac1U5uTqv1y6KOMtpHB+gIOegc1dE1aqAmIugRPaNX9GY8GS/Gu/ExHS0Zxc4u+gPj8wc1pJbi</latexit>Ran

‣             plus restricted real analytic functions:
<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp

<latexit sha1_base64="4wpwMP1aSZ0FbPxsxhjpWaVDfio=">AAACAHicbVBNS8NAEN34WetX1IMHL8EieCqJinosevFYxX5AE8Jmu2mXbjZhdyKWkIt/xYsHRbz6M7z5b9y0OWjrg4HHezPMzAsSzhTY9rexsLi0vLJaWauub2xubZs7u20Vp5LQFol5LLsBVpQzQVvAgNNuIimOAk47wei68DsPVCoWi3sYJ9SL8ECwkBEMWvLNfTfCMAyC7C73MxfoI2SYD/LcN2t23Z7AmidOSWqoRNM3v9x+TNKICiAcK9Vz7AS8DEtghNO86qaKJpiM8ID2NBU4osrLJg/k1pFW+lYYS10CrIn6eyLDkVLjKNCdxblq1ivE/7xeCuGllzGRpEAFmS4KU25BbBVpWH0mKQE+1gQTyfStFhliiQnozKo6BGf25XnSPqk75/XT27Na46qMo4IO0CE6Rg66QA10g5qohQjK0TN6RW/Gk/FivBsf09YFo5zZQ39gfP4A/QaXUQ==</latexit>Ralg
[Wilkie ’96]

‣              plus exponential function:
<latexit sha1_base64="LHzv05S1OhjwDX6hZk5yARohCVI="></latexit>

P (x1, ..., xn, e
x1 , ..., exn) = 0

<latexit sha1_base64="UXBTTdCV6Hd6gyOJ4jNtc59faa8=">AAACAHicbVC7TsNAEDyHVwgvAwUFjUWERBXZgIAygoYyIPKQYis6XzbJKeeH7tYokeWGX6GhACFaPoOOv+GSuICEkVYazexqd8ePBVdo299GYWl5ZXWtuF7a2Nza3jF39xoqSiSDOotEJFs+VSB4CHXkKKAVS6CBL6DpD28mfvMRpOJR+IDjGLyA9kPe44yiljrmgRtQHPh+ep91UhdhhCmM4izrmGW7Yk9hLRInJ2WSo9Yxv9xuxJIAQmSCKtV27Bi9lErkTEBWchMFMWVD2oe2piENQHnp9IHMOtZK1+pFUleI1lT9PZHSQKlx4OvOyblq3puI/3ntBHtXXsrDOEEI2WxRLxEWRtYkDavLJTAUY00ok1zfarEBlZShzqykQ3DmX14kjdOKc1E5uzsvV6/zOIrkkByRE+KQS1Ilt6RG6oSRjDyTV/JmPBkvxrvxMWstGPnMPvkD4/MHIz+Xag==</latexit>Rexp
<latexit sha1_base64="EcodO6nDDjJ6mMZOK3PIoZlFnUM=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIrkqioi6LblxWsQ9oQphMp+3QySTM3IglZuGvuHGhiFt/w51/46TNQlsPDBzOuZd75gQxZwps+9soLSwuLa+UVytr6xubW+b2TktFiSS0SSIeyU6AFeVM0CYw4LQTS4rDgNN2MLrK/fY9lYpF4g7GMfVCPBCszwgGLfnmnhtiGAZBepv5qQv0AVIsssw3q3bNnsCaJ05BqqhAwze/3F5EkpAKIBwr1XXsGLwUS2CE06ziJorGmIzwgHY1FTikyksn+TPrUCs9qx9J/QRYE/X3RopDpcZhoCfztGrWy8X/vG4C/QsvZSJOgAoyPdRPuAWRlZdh9ZikBPhYE0wk01ktMsQSE9CVVXQJzuyX50nruOac1U5uTqv1y6KOMtpHB+gIOegc1dE1aqAmIugRPaNX9GY8GS/Gu/ExHS0Zxc4u+gPj8wc1pJbi</latexit>Ran

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp [van den Dries, Miller ’94]‣ combination of              and               :            



  Some remarks on 
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

➡ To make        definable on                          need already 
<latexit sha1_base64="ESoJOEwxQsQ5PNxCcwcOKuyU/Po=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwODUyYnd3MzJrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1FjpDh+eusWSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Us/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvbOy5XbSql6lcWRhyM4hlPw4AKqcAM1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx9ey43e</latexit>

ez
<latexit sha1_base64="/QItGJ8zTzYC0nK0QadX1OSRXSo=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSEXVZdOOygr1AE8pkOmmHTiZxZqKU2Edx40IRtz6JO9/GaZqFtv4w8PGfczhn/iDhTGnH+bZKK6tr6xvlzcrW9s7unl3db6s4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/P6p0HKhWLxZ2eJNSP8FCwkBGsjdW3q47H6T3ykhFDOZG+XXPqTi60DG4BNSjU7Ntf3iAmaUSFJhwr1XOdRPsZlpoRTqcVL1U0wWSMh7RnUOCIKj/LT5+iY+MMUBhL84RGuft7IsORUpMoMJ0R1iO1WJuZ/9V6qQ4v/YyJJNVUkPmiMOVIx2iWAxowSYnmEwOYSGZuRWSEJSbapFUxIbiLX16G9mndPa+f3Z7VGldFHGU4hCM4ARcuoAE30IQWEHiEZ3iFN+vJerHerY95a8kqZg7gj6zPH/Jskyo=</latexit>

0  �  c
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp



  Some remarks on 
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

➡ To make        definable on                          need already 
<latexit sha1_base64="ESoJOEwxQsQ5PNxCcwcOKuyU/Po=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwODUyYnd3MzJrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1FjpDh+eusWSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Us/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvbOy5XbSql6lcWRhyM4hlPw4AKqcAM1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx9ey43e</latexit>

ez
<latexit sha1_base64="/QItGJ8zTzYC0nK0QadX1OSRXSo=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSEXVZdOOygr1AE8pkOmmHTiZxZqKU2Edx40IRtz6JO9/GaZqFtv4w8PGfczhn/iDhTGnH+bZKK6tr6xvlzcrW9s7unl3db6s4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/P6p0HKhWLxZ2eJNSP8FCwkBGsjdW3q47H6T3ykhFDOZG+XXPqTi60DG4BNSjU7Ntf3iAmaUSFJhwr1XOdRPsZlpoRTqcVL1U0wWSMh7RnUOCIKj/LT5+iY+MMUBhL84RGuft7IsORUpMoMJ0R1iO1WJuZ/9V6qQ4v/YyJJNVUkPmiMOVIx2iWAxowSYnmEwOYSGZuRWSEJSbapFUxIbiLX16G9mndPa+f3Z7VGldFHGU4hCM4ARcuoAE30IQWEHiEZ3iFN+vJerHerY95a8kqZg7gj6zPH/Jskyo=</latexit>

0  �  c
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

➡                   suffices for most geometric applications
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp



  Some remarks on 
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

➡ To make        definable on                          need already 
<latexit sha1_base64="ESoJOEwxQsQ5PNxCcwcOKuyU/Po=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBlcwODUyYnd3MzJrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1FjpDh+eusWSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7NTJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Us/5TJODEo2X9RPBDERmf5NelwhM2JsCWWK21sJG1JFmbHpFGwI3uLLy6RxVvbOy5XbSql6lcWRhyM4hlPw4AKqcAM1qAODATzDK7w5wnlx3p2PeWvOyWYO4Q+czx9ey43e</latexit>

ez
<latexit sha1_base64="/QItGJ8zTzYC0nK0QadX1OSRXSo=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSEXVZdOOygr1AE8pkOmmHTiZxZqKU2Edx40IRtz6JO9/GaZqFtv4w8PGfczhn/iDhTGnH+bZKK6tr6xvlzcrW9s7unl3db6s4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGF/P6p0HKhWLxZ2eJNSP8FCwkBGsjdW3q47H6T3ykhFDOZG+XXPqTi60DG4BNSjU7Ntf3iAmaUSFJhwr1XOdRPsZlpoRTqcVL1U0wWSMh7RnUOCIKj/LT5+iY+MMUBhL84RGuft7IsORUpMoMJ0R1iO1WJuZ/9V6qQ4v/YyJJNVUkPmiMOVIx2iWAxowSYnmEwOYSGZuRWSEJSbapFUxIbiLX16G9mndPa+f3Z7VGldFHGU4hCM4ARcuoAE30IQWEHiEZ3iFN+vJerHerY95a8kqZg7gj6zPH/Jskyo=</latexit>

0  �  c
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

➡                   suffices for most geometric applications
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

➡ Functions not definable in 


‣ Gamma function: 


‣ Error function:


‣ Zeta function:

[van den Dries,Macintyre,Marker ’97]
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

<latexit sha1_base64="eXaLxhVUn+q6v26wl8cGBIv76Uk="></latexit>

�(x) =

Z 1

0
e�ttx�1dt restricted to (0,1)

<latexit sha1_base64="9VPMfg840S18mTVAbPuRAJDbFD4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwY0lKUZdFNy4r2Ae0aZhMpu3QySTM3Ig1FH/FjQtF3Pof7vwbp4+Fth64cDjnXu69J0gE1+A439bS8srq2npuI7+5tb2za+/t13WcKspqNBaxagZEM8ElqwEHwZqJYiQKBGsEg+ux37hnSvNY3sEwYV5EepJ3OSVgJN8+bHMJvtN5wKyTnUGnNMIh+HbBKToT4EXizkgBzVD17a92GNM0YhKoIFq3XCcBLyMKOBVslG+nmiWEDkiPtQyVJGLayybXj/CJUULcjZUpCXii/p7ISKT1MApMZ0Sgr+e9sfif10qhe+llXCYpMEmni7qpwBDjcRQ45IpREENDCFXc3IppnyhCwQSWNyG48y8vknqp6J4Xy7flQuVqFkcOHaFjdIpcdIEq6AZVUQ1R9Iie0St6s56sF+vd+pi2LlmzmQP0B9bnD2NqlIw=</latexit>Z x

0
e�t2dt

<latexit sha1_base64="1h/lo8TL0n3CSNflhhNz8DjHSm8=">AAACOXicbVDLSiNBFK32NRofk3GWbgqDkICE7iHMuAkE3cwyglEhFUN19W0trK7uqbotE5v+LTf+hbuB2cxiRNz6A1YeC8fMgYLDOfdw654wU9Ki7//yFhaXllc+rK5V1jc2tz 5WP22f2jQ3AnoiVak5D7kFJTX0UKKC88wAT0IFZ+H10dg/uwFjZapPcJTBIOGXWsZScHTSsNplt4C8bhu0TZnNk2Gh20F5waSOcURZbLgogrLQF7ZkP3IeUYbwEwsDFo0UCBHFtGS0HuxPI41hteY3/QnoPAlmpEZm6A6rDyxKRZ6ARqG4tf3Az3BQcINSKCgrLLeQcXHNL6HvqOYJ2EExubyke06JaJwa9zTSifo2UfDE2lESusmE45V9743F/3n9HOODQSF1liNoMV0U58pdS8c10kgaEKhGjnBhpPsrFVfctYWu7IorIXh/8jw5/dIMvjZbx61a53BWxyrZIbukTgLyjXTId9IlPSLIHflN/pJH79774z15z9PRBW+W+Uz+gffyCtRurZE=</latexit>

⇣(s) =
1X

n=1

1

ns
restricted to (1,1)



  There is much more to say:

➡ Higher-dimensional definable functions  
and sets well understood



  There is much more to say:

➡ Higher-dimensional definable functions  
and sets well understood
‣ exists cell decomposition

• For n = 1, i.e. R, the cells are obtained by a decomposition (3.2) of the interval (�1,1).
They consist of the points {ak} for 0 < k < m, and the open intervals (ak, ak+1) for
0  k < m. We depict such a decomposition in figure 4.

Figure 4: A definable cylindrical cell decomposition of R.

a1 a2 a3 a4

• In general, for n > 0, we write Rn = Rn�1
⇥R. Now we can assume that we have a definable

cylindrical cell decomposition {D↵} for Rn�1. For each cell D↵ we now have an integer
m↵ > 0 and definable continuous functions f (↵)

k : D↵ ! R for 0 < k < m↵ such that

�1 =: f (↵)
0 < f (↵)

1 < . . . < f (↵)
m↵�1 < f (↵)

m↵
:= 1 , (3.3)

where the inequalities are meant to hold on all of D↵. Having such a set of functions the
cells in Rn are:
(1) graphs of the functions, i.e. {(x, f (↵)

k (x)) ⇢ Rn : x 2 D↵} for each D↵;
(2) bands between the functions, i.e. {(x, y) ⇢ Rn : x 2 D↵, y in interval (f (↵)

k (x), f (↵)
k+1(x))}.

Due to its iterative nature, the definition of a definable cylindrical cell decomposition uses an
ordering of the coordinates. The arising cells are thus admitting special directions along which
there is a simple projection to a low-dimensional cell decomposition. We illustrate this in figure
5, where we depict a definable cylindrical cell decomposition of R2 build from the decomposition
of R depicted in figure 4.

Figure 5: A definable cylindrical cell decomposition of R2 build from the decomposition in
figure 4. The new R2-cells are graphs and bands of definable functions on the R-cells. The new
cells over the open intervals (a1, a2), ..., (a3, a4) are shown in purple, while the new cells over
the points a1, ..., a4 are shown in green. We have coloured all cells stretching to ±1 in grey.

a1 a2 a3 a4
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  There is much more to say:

➡ Higher-dimensional definable functions  
and sets well understood

➡ Definability can replace compactness in many famous theorems: e.g.

‣ definable Chow [Peterzil,Starchenko ‘06]


‣ Pila-Wilkie theorem ’04 (counting rational points in a definable set)

‣ exists cell decomposition

• For n = 1, i.e. R, the cells are obtained by a decomposition (3.2) of the interval (�1,1).
They consist of the points {ak} for 0 < k < m, and the open intervals (ak, ak+1) for
0  k < m. We depict such a decomposition in figure 4.
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there is a simple projection to a low-dimensional cell decomposition. We illustrate this in figure
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figure 4. The new R2-cells are graphs and bands of definable functions on the R-cells. The new
cells over the open intervals (a1, a2), ..., (a3, a4) are shown in purple, while the new cells over
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Some remarks on the proof 
of the finiteness theorem



  Step 1:  Definability for periods

➡ Use definability results of seminal paper by [Bakker,Klingler,Tsimerman] ’18 



  Step 1:  Definability for periods

➡ Use definability results of seminal paper by [Bakker,Klingler,Tsimerman] ’18 

‣ view        as a map:
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C
<latexit sha1_base64="B3KE+wDBCb+cBnJ8+50dPA3hNzc=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAInuKuBBVPwRwUvEQwD0iWMDuZJENmZ5eZWSUuwV/x4kERr/6HN//GSbIHTSxoKKq66e7yI86UdpxvK7OwuLS8kl3Nra1vbG7Z2zs1FcaS0CoJeSgbPlaUM0GrmmlOG5GkOPA5rfuD8tiv31OpWCju9DCiXoB7gnUZwdpIbXuvfIEaqCVZr6+xlOEDujq+adt5p+BMgOaJm5I8pKi07a9WJyRxQIUmHCvVdJ1IewmWmhFOR7lWrGiEyQD3aNNQgQOqvGRy/QgdGqWDuqE0JTSaqL8nEhwoNQx80xlg3Vez3lj8z2vGunvuJUxEsaaCTBd1Y450iMZRoA6TlGg+NAQTycytiPSxxESbwHImBHf25XlSOym4p4XibTFfukzjyMI+HMARuHAGJbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swt/YH3+AKpalBc=</latexit>

C : X ! G/K
<latexit sha1_base64="PZkdVjxFRt/P1YIpXd9Kis+LtTk=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaTOSFGXxW4ENy3YC7SlZNJMG5pJhuSMWIY+hhtfxY0LRdx259uYXhZa/SHw8Z9zODm/HwluwHW/nNTK6tr6Rnozs7W9s7uX3T+oGxVrympUCaWbPjFMcMlqwEGwZqQZCX3BGv6wPK03Hpg2XMl7GEWsE5K+5AGnBKzVzZ7ftYE9QoKVhoHqK0kE7msVR1gFeFzNt2lPwVm5687gFHezObfgzoT/greAHFqo0s1O2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlUZKQmU4yO2yMT6zTw4HS9knAM/fnREJCY0ahbztDAgOzXJua/9VaMQTXnYTLKAYm6XxREAsMCk9Twj2uGQUxskCo5vavmA6IJhRslhkbgrd88l+oXxS8y0KxWsyVbhZxpNEROkZ55KErVEK3qIJqiKIn9ILe0Lvz7Lw6H87nvDXlLGYO0S85k2+eep95</latexit>

K orthogonal group of Q(·, C0·)

<latexit sha1_base64="VNhCZft+CVHkCgLAVJC5WuVOtVM=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGVGirosutBlC/YBbSmZNNOGZpIhuSOWoT/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknv8SHADrvvtpFZW19Y30puZre2d3b3s/kHdqFhTVqNKKN30iWGCS1YDDoI1I81I6AvW8IfXE79xz7ThSt7BKGKdkPQlDzglYKVutnDTBvYACVYaBqqvJBG4r1UcYRXgcTXfpj0FhWk/xd1szi26U+Bl4s1JDs1R6Wa/2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlqSQhM51ketUYn1ilhwOlbUnAU/X3RkJCY0ahbydDAgOz6E3E/7xWDMFlJ+EyioFJOnsoiAUGhScR4R7XjIIYWUKo5vavmA6IJhRskBkbgrd48jKpnxW982KpWsqVr+ZxpNEROkZ55KELVEa3qIJqiKJH9Ixe0Zvz5Lw4787HbDTlzHcO0R84nz+5Op6F</latexit>

G orthogonal group of Q(·, ·)



  Step 1:  Definability for periods

➡ Use definability results of seminal paper by [Bakker,Klingler,Tsimerman] ’18 

‣ view        as a map:
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C
<latexit sha1_base64="B3KE+wDBCb+cBnJ8+50dPA3hNzc=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAInuKuBBVPwRwUvEQwD0iWMDuZJENmZ5eZWSUuwV/x4kERr/6HN//GSbIHTSxoKKq66e7yI86UdpxvK7OwuLS8kl3Nra1vbG7Z2zs1FcaS0CoJeSgbPlaUM0GrmmlOG5GkOPA5rfuD8tiv31OpWCju9DCiXoB7gnUZwdpIbXuvfIEaqCVZr6+xlOEDujq+adt5p+BMgOaJm5I8pKi07a9WJyRxQIUmHCvVdJ1IewmWmhFOR7lWrGiEyQD3aNNQgQOqvGRy/QgdGqWDuqE0JTSaqL8nEhwoNQx80xlg3Vez3lj8z2vGunvuJUxEsaaCTBd1Y450iMZRoA6TlGg+NAQTycytiPSxxESbwHImBHf25XlSOym4p4XibTFfukzjyMI+HMARuHAGJbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swt/YH3+AKpalBc=</latexit>

C : X ! G/K
<latexit sha1_base64="PZkdVjxFRt/P1YIpXd9Kis+LtTk=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaTOSFGXxW4ENy3YC7SlZNJMG5pJhuSMWIY+hhtfxY0LRdx259uYXhZa/SHw8Z9zODm/HwluwHW/nNTK6tr6Rnozs7W9s7uX3T+oGxVrympUCaWbPjFMcMlqwEGwZqQZCX3BGv6wPK03Hpg2XMl7GEWsE5K+5AGnBKzVzZ7ftYE9QoKVhoHqK0kE7msVR1gFeFzNt2lPwVm5687gFHezObfgzoT/greAHFqo0s1O2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlUZKQmU4yO2yMT6zTw4HS9knAM/fnREJCY0ahbztDAgOzXJua/9VaMQTXnYTLKAYm6XxREAsMCk9Twj2uGQUxskCo5vavmA6IJhRslhkbgrd88l+oXxS8y0KxWsyVbhZxpNEROkZ55KErVEK3qIJqiKIn9ILe0Lvz7Lw6H87nvDXlLGYO0S85k2+eep95</latexit>

K orthogonal group of Q(·, C0·)

<latexit sha1_base64="VNhCZft+CVHkCgLAVJC5WuVOtVM=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGVGirosutBlC/YBbSmZNNOGZpIhuSOWoT/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknv8SHADrvvtpFZW19Y30puZre2d3b3s/kHdqFhTVqNKKN30iWGCS1YDDoI1I81I6AvW8IfXE79xz7ThSt7BKGKdkPQlDzglYKVutnDTBvYACVYaBqqvJBG4r1UcYRXgcTXfpj0FhWk/xd1szi26U+Bl4s1JDs1R6Wa/2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlqSQhM51ketUYn1ilhwOlbUnAU/X3RkJCY0ahbydDAgOz6E3E/7xWDMFlJ+EyioFJOnsoiAUGhScR4R7XjIIYWUKo5vavmA6IJhRskBkbgrd48jKpnxW982KpWsqVr+ZxpNEROkZ55KELVEa3qIJqiKJH9Ixe0Zvz5Lw4787HbDTlzHcO0R84nz+5Op6F</latexit>

G orthogonal group of Q(·, ·)

Theorem [BKT]:  The Weil operator map is definable in                 .
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Proof:  uses crucially nilpotent orbit theorem.



  Step 1:  Definability for periods

➡ Use definability results of seminal paper by [Bakker,Klingler,Tsimerman] ’18 

‣ view        as a map:
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C
<latexit sha1_base64="B3KE+wDBCb+cBnJ8+50dPA3hNzc=">AAAB/XicbVDLSgNBEOyNrxhf6+PmZTAInuKuBBVPwRwUvEQwD0iWMDuZJENmZ5eZWSUuwV/x4kERr/6HN//GSbIHTSxoKKq66e7yI86UdpxvK7OwuLS8kl3Nra1vbG7Z2zs1FcaS0CoJeSgbPlaUM0GrmmlOG5GkOPA5rfuD8tiv31OpWCju9DCiXoB7gnUZwdpIbXuvfIEaqCVZr6+xlOEDujq+adt5p+BMgOaJm5I8pKi07a9WJyRxQIUmHCvVdJ1IewmWmhFOR7lWrGiEyQD3aNNQgQOqvGRy/QgdGqWDuqE0JTSaqL8nEhwoNQx80xlg3Vez3lj8z2vGunvuJUxEsaaCTBd1Y450iMZRoA6TlGg+NAQTycytiPSxxESbwHImBHf25XlSOym4p4XibTFfukzjyMI+HMARuHAGJbiGClSBwCM8wyu8WU/Wi/VufUxbM1Y6swt/YH3+AKpalBc=</latexit>

C : X ! G/K
<latexit sha1_base64="PZkdVjxFRt/P1YIpXd9Kis+LtTk=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaTOSFGXxW4ENy3YC7SlZNJMG5pJhuSMWIY+hhtfxY0LRdx259uYXhZa/SHw8Z9zODm/HwluwHW/nNTK6tr6Rnozs7W9s7uX3T+oGxVrympUCaWbPjFMcMlqwEGwZqQZCX3BGv6wPK03Hpg2XMl7GEWsE5K+5AGnBKzVzZ7ftYE9QoKVhoHqK0kE7msVR1gFeFzNt2lPwVm5687gFHezObfgzoT/greAHFqo0s1O2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlUZKQmU4yO2yMT6zTw4HS9knAM/fnREJCY0ahbztDAgOzXJua/9VaMQTXnYTLKAYm6XxREAsMCk9Twj2uGQUxskCo5vavmA6IJhRslhkbgrd88l+oXxS8y0KxWsyVbhZxpNEROkZ55KErVEK3qIJqiKIn9ILe0Lvz7Lw6H87nvDXlLGYO0S85k2+eep95</latexit>

K orthogonal group of Q(·, C0·)

<latexit sha1_base64="VNhCZft+CVHkCgLAVJC5WuVOtVM=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGVGirosutBlC/YBbSmZNNOGZpIhuSOWoT/hxl9x40IRt4I7/8b0sdDWA/dyOOdeknv8SHADrvvtpFZW19Y30puZre2d3b3s/kHdqFhTVqNKKN30iWGCS1YDDoI1I81I6AvW8IfXE79xz7ThSt7BKGKdkPQlDzglYKVutnDTBvYACVYaBqqvJBG4r1UcYRXgcTXfpj0FhWk/xd1szi26U+Bl4s1JDs1R6Wa/2j1F45BJoIIY0/LcCDoJ0cCpYONMOzYsInRI+qxlqSQhM51ketUYn1ilhwOlbUnAU/X3RkJCY0ahbydDAgOz6E3E/7xWDMFlJ+EyioFJOnsoiAUGhScR4R7XjIIYWUKo5vavmA6IJhRskBkbgrd48jKpnxW982KpWsqVr+ZxpNEROkZ55KELVEa3qIJqiKJH9Ixe0Zvz5Lw4787HbDTlzHcO0R84nz+5Op6F</latexit>

G orthogonal group of Q(·, ·)

Theorem [BKT]:  The Weil operator map is definable in                 .
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Proof:  uses crucially nilpotent orbit theorem.

Theorem [BKT]:  The Weil operator period map       is definable in                 .
<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

<latexit sha1_base64="5woa2AhwFXqrkL5bju3TM2iWDCI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwhs/YzJJDZVkuShMOTIxyh9HY6YoMXxmCSaK2VsRibDCxNh4KjYEb/XlddK9qnvNeuOhUWvdFnGU4QzO4RI8uIYW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPlp44o</latexit>

�
<latexit sha1_base64="KP2futoYy4pA7/BDPhxPrnEnE0M=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQp2RouKq6KKCmwr2AZ2h3EnTTmgyMyQZpZR+hBt/xY0LRdy6cOffmLaz0NYDgcM595F7/JgzpW3728osLC4tr2RXc2vrG5tb+e2duooSSWiNRDySTR8U5SykNc00p81YUhA+pw2/fzX2G/dUKhaFd3oQU09AL2RdRkAbqZ0/cqsBu8BN7ErWCzRIGT1gtwJCAHZ9IH3FQQW4go/xTTtfsIv2BHieOCkpoBTVdv7L7UQkETTUxIxRLceOtTcEqRnhdJRzE0VjswN6tGVoCIIqbzg5aoQPjNLB3UiaF2o8UX93DEEoNRC+qRSgAzXrjcX/vFaiu+fekIVxomlIpou6Ccc6wuOEcIdJSjQfGAJEMvNXTAKQQLTJMWdCcGZPnif1k6JzWizdlgrlyzSOLNpD++gQOegMldE1qqIaIugRPaNX9GY9WS/Wu/UxLc1Yac8u+gPr8wclr5z+</latexit>

� : X ! �\G/K
<latexit sha1_base64="wl3Vp5VTyQ/XaqaZb1I0Ti3W1NU="></latexit>

� orthogonal group of Q(·, ·)|HZ
(bigger than monodromy group)



  Step 2:  Extension to Hodge bundle 


➡ Extend definability result to the Hodge bundle 

Proposition:  The morphism   
     
                        between complex vector bundles is definable in 

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Proof:  uses partly [Bakker,Mullane ’22].

<latexit sha1_base64="3WCLHSjC0awclXPw2fzikkJxF3g="></latexit>

�E : E ! �\
�
G/K ⇥HC

�



  Step 2:  Extension to Hodge bundle 


➡ Extend definability result to the Hodge bundle 

Proposition:  The morphism   
     
                        between complex vector bundles is definable in 

<latexit sha1_base64="XS4IVLjaDgqnAmlnakDkR4rHH3E=">AAACA3icbVDLSgNBEJyNrxhfq970shgEDxJ2VdRj0IvHKOYBSQizk04yZHZ2memVhGXBi7/ixYMiXv0Jb/6Nk8dBEwsaiqpuurv8SHCNrvttZRYWl5ZXsqu5tfWNzS17e6eiw1gxKLNQhKrmUw2CSygjRwG1SAENfAFVv3898qsPoDQP5T0OI2gGtCt5hzOKRmrZe42AYs/3k7u0lTQQBphQeQyDKE1bdt4tuGM488SbkjyZotSyvxrtkMUBSGSCal333AibCVXImYA014g1RJT1aRfqhkoagG4m4x9S59AobacTKlMSnbH6eyKhgdbDwDedo4v1rDcS//PqMXYumwmXUYwg2WRRJxYOhs4oEKfNFTAUQ0MoU9zc6rAeVZShiS1nQvBmX54nlZOCd144vT3LF6+mcWTJPjkgR8QjF6RIbkiJlAkjj+SZvJI368l6sd6tj0lrxprO7JI/sD5/ACwRmIM=</latexit>Ran,exp

Proof:  uses partly [Bakker,Mullane ’22].

<latexit sha1_base64="3WCLHSjC0awclXPw2fzikkJxF3g="></latexit>

�E : E ! �\
�
G/K ⇥HC

�

➡ Idea:  show that locus of self-dual classes in                                  is  
                    -definable using lattice theory and definablity of maps  
           between arithmetic quotients  → infer definability result for E 

<latexit sha1_base64="hx00qUEsMZanDcswQ6v90xauiic=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0Wom5pIqS6LXbTgpoJ9QBPCZDpth84kYWYilNA/ceOvuHGhiLjr3zhps9DWCxcO59zLuff4EaNSWdbcyG1sbm3v5HcLe/sHh0fm8UlHhrHApI1DFoqejyRhNCBtRRUjvUgQxH1Guv6knurdJyIkDYNHNY2Iy9EooEOKkdKUZ1ah00CcI+j4CE8kQ3KsIR2VGvAK3kNHUU4kbHoOR2rs+0l9lqqXnlm0ytai4DqwM1AEWbU889sZhDjmJFBYm8i+bUXKTZBQFDMyKzixJJG+AI1IX8MAaVs3Wfw3gxeaGcBhKHQHCi7Y3xsJ4lJOua8n0zPlqpaS/2n9WA1v3YQGUaxIgJdGw5hBFcI0LDiggmDFphogLKi+FeIxEggrHWlBh2CvvrwOOtdlu1quPFSKtbssjjw4A+egBGxwA2qgCVqgDTB4Bq/gHXwYL8ab8Wl8LUdzRrZzCv6UMf8BSPqhTw==</latexit>

�\
�
G/K ⇥HC

�
<latexit sha1_base64="mpmo5X2WxevQSCEancnuKS0dULM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6rLoxmUV+4AmhMl00g6dmYSZiVBD8FfcuFDErf/hzr9x0mahrQcGDufcyz1zwoRRpR3n21paXlldW69sVDe3tnd27b39jopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh+Lrwuw9EKhqLez1JiM/RUNCIYqSNFNiHHkd6FIbZXR5knuQQsWEe2DWn7kwBF4lbkhoo0QrsL28Q45QToTFDSvVdJ9F+hqSmmJG86qWKJAiP0ZD0DRWIE+Vn0/Q5PDHKAEaxNE9oOFV/b2SIKzXhoZkssqp5rxD/8/qpji79jIok1UTg2aEoZVDHsKgCDqgkWLOJIQhLarJCPEISYW0Kq5oS3PkvL5LOWd09rzduG7XmVVlHBRyBY3AKXHABmuAGtEAbYPAInsEreLOerBfr3fqYjS5Z5c4B+APr8wfNzZV2</latexit>Ralg



  Step 3:  Lattice reduction + single orbit


➡ Reduction of lattice          into finitely many orbits 

Theorem [e.g. Kneser]:  The group        acts on set    
                                         with finitely many orbits.

<latexit sha1_base64="nGnL6vP3qHv1NOAtaqIl2XIYIVw=">AAACGHicbVDLSsNAFJ3UV62vqks3g0WoIDWRoiIIRTddtmAf2IQymU7aoZNJmJkUSuhnuPFX3LhQxG13/o2TNAutHhg4nHMuc+9xQ0alMs0vI7eyura+kd8sbG3v7O4V9w/aMogEJi0csEB0XSQJo5y0FFWMdENBkO8y0nHH94nfmRAhacAf1DQkjo+GnHoUI6WlfvHcdunQjifQphzW+7aP1Mh148fZDWzC8uRscgpvoU0Yg2lw1i+WzIqZAv4lVkZKIEOjX5zbgwBHPuEKMyRlzzJD5cRIKIoZmRXsSJIQ4TEakp6mHPlEOnF62AyeaGUAvUDoxxVM1Z8TMfKlnPquTiaLy2UvEf/zepHyrp2Y8jBShOPFR17EoApg0hIcUEGwYlNNEBZU7wrxCAmEle6yoEuwlk/+S9oXFeuyUm1WS7W7rI48OALHoAwscAVqoA4aoAUweAIv4A28G8/Gq/FhfC6iOSObOQS/YMy/AeM9nmw=</latexit>�
v 2 HZ : Q(v, v) = `

 
<latexit sha1_base64="/lAqvFPcF4/IPCEDiHMyBtzhJ3U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegBz1GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdm+xELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrn9+eV2nUeRxGO4BhOIYBLqMEd1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AFjZjv4=</latexit>

�

‣ string theory consistency conditions (linked to having gravity) leads to  
a finiteness reduction 

<latexit sha1_base64="Jj5Qb1/7IvrVZWnfjIufHEq2vU4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2Q0nSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSeHxIJr47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHqEKyZ4JI1DTeCdWLFcEgEa5PxXea3J0xpHskHM42ZH+Kh5AGn2FjJR/V+L8RmREj6OOuXK27VnQOtEi8nFcjR6Je/eoOIJiGThgqsdddzY+OnWBlOBZuVeolmMaZjPGRdSyUOmfbTeegZOrPKAAWRsk8aNFd/b6Q41HoaEjuZJdTLXib+53UTE9z4KZdxYpiki0NBIpCJUNYAGnDFqBFTSzBV3GZFdIQVpsb2VLIleMtfXiWti6p3Vb28v6zUbvM6inACp3AOHlxDDerQgCZQeIJneIU3Z+K8OO/Ox2K04OQ7x/AHzucPcWWR6A==</latexit>

HZ



  Step 3:  Lattice reduction + single orbit


➡ Prove finiteness in a single orbit: 
<latexit sha1_base64="A7lbFurkuzGtBsCSYRf2aY1/1pQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsqMFHVZdGGXFewDO6XcSdM2NMkMSUYoQ3du/BU3LhRx6y+4829MHwttPZBwOOde7r0njDnTxvO+nczS8srqWnY9t7G5tb3j7u7VdJQoQqsk4pFqhKApZ5JWDTOcNmJFQYSc1sPB9divP1ClWSTvzDCmLQE9ybqMgLFS2z0MbkAIwIBPA/sFTOJyOxBg+mGY3o/abt4reBPgReLPSB7NUGm7X0EnIomg0hAOWjd9LzatFJRhhNNRLkg0jYEMoEeblkoQVLfSyR0jfGyVDu5Gyj5p8ET93ZGC0HooQls53lDPe2PxP6+ZmO5lK2UyTgyVZDqom3BsIjwOBXeYosTwoSVAFLO7YtIHBcTY6HI2BH/+5EVSOyv454XibTFfuprFkUUH6AidIB9doBIqowqqIoIe0TN6RW/Ok/PivDsf09KMM+vZR3/gfP4AvwmX/w==</latexit>

�a, a 2 HZ

Proposition:  Assume                    and define                            then the set    
                        
 
                       is definable in            .

<latexit sha1_base64="8D0GMoOwGYJ+TMbaZKVtEHa7Lkw="></latexit>�
�(gK, v) 2 �\(G/K ⇥HC) : v 2 �a, Cgv = v

 
<latexit sha1_base64="ez9s9DDtCuvuKRFlSTFx6Vl83YU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CMBePEcxDkiX0TmaTIbOzy8ysEEK+wosHRbz6Od78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRrWZ33piSvNYPphxwvwIB5KHnKKx0mOt5xIkNwR7xZJbducgq8TLSAky1HvFr24/pmnEpKECte54bmL8CSrDqWDTQjfVLEE6wgHrWCoxYtqfzA+ekjOr9EkYK1vSkLn6e2KCkdbjKLCdEZqhXvZm4n9eJzXhtT/hMkkNk3SxKEwFMTGZfU/6XDFqxNgSpIrbWwkdokJqbEYFG4K3/PIqaV6Uvcty5b5Sqt5mceThBE7hHDy4gircQR0aQCGCZ3iFN0c5L86787FozTnZzDH8gfP5A7YOjw4=</latexit>

C0a = a
<latexit sha1_base64="1DgrTiDZunCxKmurcCb1RkddiQo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4sSRS1I1Q7MZlBfuANobJdJIOnTyYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vv8RLOpLKsb2NldW19Y7O0Vd7e2d3bNw8qHRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1xs2p332kQrI4uleThDohDiLmM4KVllyz0nQDdI0C1HQtFDxkZ3bumlWrZs2AloldkCoUaLnm12AYkzSkkSIcS9m3rUQ5GRaKEU7z8iCVNMFkjAPa1zTCIZVONrs9RydaGSI/FroihWbq74kMh1JOQk93hliN5KI3Ff/z+qnyr5yMRUmqaETmi/yUIxWjaRBoyAQlik80wUQwfSsiIywwUTqusg7BXnx5mXTOa/ZFrX5XrzZuijhKcATHcAo2XEIDbqEFbSDwBM/wCm9GbrwY78bHvHXFKGYO4Q+Mzx8E5pKC</latexit>

Cg = gC0g
�1

<latexit sha1_base64="mpmo5X2WxevQSCEancnuKS0dULM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6rLoxmUV+4AmhMl00g6dmYSZiVBD8FfcuFDErf/hzr9x0mahrQcGDufcyz1zwoRRpR3n21paXlldW69sVDe3tnd27b39jopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh+Lrwuw9EKhqLez1JiM/RUNCIYqSNFNiHHkd6FIbZXR5knuQQsWEe2DWn7kwBF4lbkhoo0QrsL28Q45QToTFDSvVdJ9F+hqSmmJG86qWKJAiP0ZD0DRWIE+Vn0/Q5PDHKAEaxNE9oOFV/b2SIKzXhoZkssqp5rxD/8/qpji79jIok1UTg2aEoZVDHsKgCDqgkWLOJIQhLarJCPEISYW0Kq5oS3PkvL5LOWd09rzduG7XmVVlHBRyBY3AKXHABmuAGtEAbYPAInsEreLOerBfr3fqYjS5Z5c4B+APr8wfNzZV2</latexit>Ralg

➡ Reduction of lattice          into finitely many orbits 

Theorem [e.g. Kneser]:  The group        acts on set    
                                         with finitely many orbits.

<latexit sha1_base64="nGnL6vP3qHv1NOAtaqIl2XIYIVw=">AAACGHicbVDLSsNAFJ3UV62vqks3g0WoIDWRoiIIRTddtmAf2IQymU7aoZNJmJkUSuhnuPFX3LhQxG13/o2TNAutHhg4nHMuc+9xQ0alMs0vI7eyura+kd8sbG3v7O4V9w/aMogEJi0csEB0XSQJo5y0FFWMdENBkO8y0nHH94nfmRAhacAf1DQkjo+GnHoUI6WlfvHcdunQjifQphzW+7aP1Mh148fZDWzC8uRscgpvoU0Yg2lw1i+WzIqZAv4lVkZKIEOjX5zbgwBHPuEKMyRlzzJD5cRIKIoZmRXsSJIQ4TEakp6mHPlEOnF62AyeaGUAvUDoxxVM1Z8TMfKlnPquTiaLy2UvEf/zepHyrp2Y8jBShOPFR17EoApg0hIcUEGwYlNNEBZU7wrxCAmEle6yoEuwlk/+S9oXFeuyUm1WS7W7rI48OALHoAwscAVqoA4aoAUweAIv4A28G8/Gq/FhfC6iOSObOQS/YMy/AeM9nmw=</latexit>�
v 2 HZ : Q(v, v) = `

 
<latexit sha1_base64="/lAqvFPcF4/IPCEDiHMyBtzhJ3U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegBz1GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdm+xELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrn9+eV2nUeRxGO4BhOIYBLqMEd1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AFjZjv4=</latexit>

�

<latexit sha1_base64="Jj5Qb1/7IvrVZWnfjIufHEq2vU4=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuimy4r2Ae2Q0nSTBuayYxJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uSeHxIJr47rfTmFtfWNzq7hd2tnd2z8oHx61dJQoypo0EpHqEKyZ4JI1DTeCdWLFcEgEa5PxXea3J0xpHskHM42ZH+Kh5AGn2FjJR/V+L8RmREj6OOuXK27VnQOtEi8nFcjR6Je/eoOIJiGThgqsdddzY+OnWBlOBZuVeolmMaZjPGRdSyUOmfbTeegZOrPKAAWRsk8aNFd/b6Q41HoaEjuZJdTLXib+53UTE9z4KZdxYpiki0NBIpCJUNYAGnDFqBFTSzBV3GZFdIQVpsb2VLIleMtfXiWti6p3Vb28v6zUbvM6inACp3AOHlxDDerQgCZQeIJneIU3Z+K8OO/Ox2K04OQ7x/AHzucPcWWR6A==</latexit>

HZ



  Step 3:  Lattice reduction + single orbit


➡ Prove finiteness in a single orbit: 
<latexit sha1_base64="A7lbFurkuzGtBsCSYRf2aY1/1pQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQsqMFHVZdGGXFewDO6XcSdM2NMkMSUYoQ3du/BU3LhRx6y+4829MHwttPZBwOOde7r0njDnTxvO+nczS8srqWnY9t7G5tb3j7u7VdJQoQqsk4pFqhKApZ5JWDTOcNmJFQYSc1sPB9divP1ClWSTvzDCmLQE9ybqMgLFS2z0MbkAIwIBPA/sFTOJyOxBg+mGY3o/abt4reBPgReLPSB7NUGm7X0EnIomg0hAOWjd9LzatFJRhhNNRLkg0jYEMoEeblkoQVLfSyR0jfGyVDu5Gyj5p8ET93ZGC0HooQls53lDPe2PxP6+ZmO5lK2UyTgyVZDqom3BsIjwOBXeYosTwoSVAFLO7YtIHBcTY6HI2BH/+5EVSOyv454XibTFfuprFkUUH6AidIB9doBIqowqqIoIe0TN6RW/Ok/PivDsf09KMM+vZR3/gfP4AvwmX/w==</latexit>

�a, a 2 HZ

Proposition:  Assume                    and define                            then the set    
                        
 
                       is definable in            .

<latexit sha1_base64="8D0GMoOwGYJ+TMbaZKVtEHa7Lkw="></latexit>�
�(gK, v) 2 �\(G/K ⇥HC) : v 2 �a, Cgv = v

 
<latexit sha1_base64="ez9s9DDtCuvuKRFlSTFx6Vl83YU=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9CMBePEcxDkiX0TmaTIbOzy8ysEEK+wosHRbz6Od78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRrWZ33piSvNYPphxwvwIB5KHnKKx0mOt5xIkNwR7xZJbducgq8TLSAky1HvFr24/pmnEpKECte54bmL8CSrDqWDTQjfVLEE6wgHrWCoxYtqfzA+ekjOr9EkYK1vSkLn6e2KCkdbjKLCdEZqhXvZm4n9eJzXhtT/hMkkNk3SxKEwFMTGZfU/6XDFqxNgSpIrbWwkdokJqbEYFG4K3/PIqaV6Uvcty5b5Sqt5mceThBE7hHDy4gircQR0aQCGCZ3iFN0c5L86787FozTnZzDH8gfP5A7YOjw4=</latexit>

C0a = a
<latexit sha1_base64="1DgrTiDZunCxKmurcCb1RkddiQo=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4sSRS1I1Q7MZlBfuANobJdJIOnTyYmYgl5FfcuFDErT/izr9x2mahrQcuHM65l3vv8RLOpLKsb2NldW19Y7O0Vd7e2d3bNw8qHRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1xs2p332kQrI4uleThDohDiLmM4KVllyz0nQDdI0C1HQtFDxkZ3bumlWrZs2AloldkCoUaLnm12AYkzSkkSIcS9m3rUQ5GRaKEU7z8iCVNMFkjAPa1zTCIZVONrs9RydaGSI/FroihWbq74kMh1JOQk93hliN5KI3Ff/z+qnyr5yMRUmqaETmi/yUIxWjaRBoyAQlik80wUQwfSsiIywwUTqusg7BXnx5mXTOa/ZFrX5XrzZuijhKcATHcAo2XEIDbqEFbSDwBM/wCm9GbrwY78bHvHXFKGYO4Q+Mzx8E5pKC</latexit>

Cg = gC0g
�1

<latexit sha1_base64="mpmo5X2WxevQSCEancnuKS0dULM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6rLoxmUV+4AmhMl00g6dmYSZiVBD8FfcuFDErf/hzr9x0mahrQcGDufcyz1zwoRRpR3n21paXlldW69sVDe3tnd27b39jopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh+Lrwuw9EKhqLez1JiM/RUNCIYqSNFNiHHkd6FIbZXR5knuQQsWEe2DWn7kwBF4lbkhoo0QrsL28Q45QToTFDSvVdJ9F+hqSmmJG86qWKJAiP0ZD0DRWIE+Vn0/Q5PDHKAEaxNE9oOFV/b2SIKzXhoZkssqp5rxD/8/qpji79jIok1UTg2aEoZVDHsKgCDqgkWLOJIQhLarJCPEISYW0Kq5oS3PkvL5LOWd09rzduG7XmVVlHBRyBY3AKXHABmuAGtEAbYPAInsEreLOerBfr3fqYjS5Z5c4B+APr8wfNzZV2</latexit>Ralg

Proof: some computations and definablity of                                                    [BKT] 
<latexit sha1_base64="2M40EVoja824YPAPMmw6gHHOUnU=">AAACKXicbVDLSgMxFM34rPVVdekmWARX7YwUdVl0UaGbCvYBnVLupJk2NJkZkoxShv6OG3/FjYKibv0R03YWtvVA4OTcc3NzjxdxprRtf1krq2vrG5uZrez2zu7efu7gsKHCWBJaJyEPZcsDRTkLaF0zzWkrkhSEx2nTG95M6s0HKhULg3s9imhHQD9gPiOgjdTNld0KCAFdwK4HZKg4qAGumGsRVyeiZP2BBinDRzxzzvlwsdrN5e2CPQVeJk5K8ihFrZt7c3shiQUNNDGvqLZjR7qTgNSMcDrOurGikRkBfdo2NABBVSeZbjrGp0bpYT+U5gQaT9W/HQkIpUbCM04BeqAWaxPxv1o71v5VJ2FBFGsakNkgP+ZYh3gSG+4xSYnmI0OASGb+iskAJBBtws2aEJzFlZdJ47zgXBRKd6V8+TqNI4OO0Qk6Qw66RGV0i2qojgh6Qi/oHX1Yz9ar9Wl9z6wrVtpzhOZg/fwCELClSQ==</latexit>

�a\Ga/Ka ! �\G/K

groups fixing <latexit sha1_base64="g1udoKqo8BCWu2kpDHD3VWkGU3k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxkuM7g==</latexit>a

➡ Reduction of lattice          into finitely many orbits 

Theorem [e.g. Kneser]:  The group        acts on set    
                                         with finitely many orbits.

<latexit sha1_base64="nGnL6vP3qHv1NOAtaqIl2XIYIVw=">AAACGHicbVDLSsNAFJ3UV62vqks3g0WoIDWRoiIIRTddtmAf2IQymU7aoZNJmJkUSuhnuPFX3LhQxG13/o2TNAutHhg4nHMuc+9xQ0alMs0vI7eyura+kd8sbG3v7O4V9w/aMogEJi0csEB0XSQJo5y0FFWMdENBkO8y0nHH94nfmRAhacAf1DQkjo+GnHoUI6WlfvHcdunQjifQphzW+7aP1Mh148fZDWzC8uRscgpvoU0Yg2lw1i+WzIqZAv4lVkZKIEOjX5zbgwBHPuEKMyRlzzJD5cRIKIoZmRXsSJIQ4TEakp6mHPlEOnF62AyeaGUAvUDoxxVM1Z8TMfKlnPquTiaLy2UvEf/zepHyrp2Y8jBShOPFR17EoApg0hIcUEGwYlNNEBZU7wrxCAmEle6yoEuwlk/+S9oXFeuyUm1WS7W7rI48OALHoAwscAVqoA4aoAUweAIv4A28G8/Gq/FhfC6iOSObOQS/YMy/AeM9nmw=</latexit>�
v 2 HZ : Q(v, v) = `

 
<latexit sha1_base64="/lAqvFPcF4/IPCEDiHMyBtzhJ3U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegBz1GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdm+xELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrn9+eV2nUeRxGO4BhOIYBLqMEd1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AFjZjv4=</latexit>
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  A new swampland conjecture

The relevant o-minimal structure is               . 
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Refined version:

Tameness conjecture:

All effective theories valid below a fixed finite energy  
cut-off scale that can be consistently coupled to quantum  
gravity are labelled by a definable parameter space and  
must have scalar field spaces and coupling functions that  
are definable in an o-minimal structure.        
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“ All consistent physical theories are tame “
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➡ How do other quantum gravity conjectures connect to tameness?

➡ Evidence for tameness in quantum field theory?

[TG,Lanza,Li] in progress 

with Schlechter,… in progress 



25

Thanks for listening!


