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The van Est strategy

Integrability of Lie algebras

g - Lie algebra

0 3(g)C g ad(g) —=0 _ __ [waa] € HEe (2d(0). 5(0))
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The van Est strategy

Integrability of Lie algebras

g - Lie algebra

0 3(0)—=g—%~ad(g) —=0 ___ [wad € Hge(ad(a).5(a))

Theorem (vanEst)

G Lie group with Lie algebra g and a representation on V.
If G k-connected,

®: Hgp(G, V) — Hge(s, V)

isomorphism for n < k and injective forn = k + 1.
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The van Est strategy

Integrability of Lie algebras

g - Lie algebra

0 ~3(g) g C>adlg) >0 ___ [wal € Hae(ad(0).5(0))

Theorem (vanEst)

G Lie group with Lie algebra g and a representation on V.
If G k-connected,

®: Hgp(G, V) — Hee(s, V)

isomorphism for n < k and injective forn = k + 1.

@ ad(g) < gl(g) = J2-connected G s.t. Lie(G) = ad(g)

C. Angulo Integrability of Lie 2-algebras



The van Est strategy

Integrability of Lie algebras

g - Lie algebra

[wa] € Heg(ad(0). 5(0))

0 3(9)° g ad(g) —0 _ ﬂvan Est
[ wad] € HZ,(G.3(9))
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The van Est strategy

Integrability of Lie algebras

g - Lie algebra

y [wao] € HEe(ad(s).5(a)

—— ﬂvan Est
[ wad] € H,(G. 3(9))

C. Angulo Integrability of Lie 2-algebras



The van Est strategy

Integrability of Lie algebras

g - Lie algebra
[waa] € Heg(ad(a).5(9))
0 3(0)— g -2~ ad(g) — 0
A ——— ﬂvan Est
Lie! !

‘ [ wad] € H,(G. 3(9))

C. Angulo Integrability of Lie 2-algebras



The van Est strategy

The necessary ingredients

@ Global and infinitesimal cohomology theories (classifying
extensions)

@ A van Est map and theorem relating them
@ A canonically associated adjoint extension

@ That linear Lie algebras be integrable to 2-connected Lie
groups
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The van Est strategy

The necessary ingredients

@ Global and infinitesimal cohomology theories (classifying
extensions)

@ A van Est map and theorem relating them
@ A canonically associated adjoint extension

@ That linear Lie algebras be integrable to 2-connected Lie
groups

Theorem (Crainic)

Let0— L — A— A— 0 be an exact sequence of Lie
algebroids with L abelian.

If A admits a Hausdorff integration with 2-connected s-fibres,
then A is integrable.
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Lie 2-algebras

L..-algebras

Theorem
For a vector space g, there is a1 — 1 correspondence

Lie algebra dg-algebra
— .
Structures on g structures on (\°® g*, N)

Moreover, this correspondence extends to an equivalence of
cateqories.
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Lie 2-algebras

L..-algebras

For a vector space g, there is a1 — 1 correspondence

Lie algebra PN dg-algebra
structures on g structures on (\°® g*, \)

Moreover, this correspondence extends to an equivalence of
categories.

Definition (/Proposition)
An L..-algebra structure on a graded vector space L = Py o L«
is a differential on its graded symmetric algebra Sym(L*[—1]).
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Lie 2-algebras

The Chevalley-Eilenberg complex

Representations of L Differentials on
on Vo = @y Yk Sym(L*[-1]) ® V.
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Lie 2-algebras

The Chevalley-Eilenberg complex

Representations of L Differentials on
on Vo = @y Yk Sym(L*[-1]) ® V4

@ Obvious cohomology
@ Existence of adjoint representations
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Lie 2-algebras

The Chevalley-Eilenberg complex

Representations of L Differentials on
on Vo = @0 Yk Sym(L*[-1]) ® Vs

@ Obvious cohomology
@ Existence of adjoint representations

Theorem (Liu,Sheng,Zhang)

1-parameter infinitesimal 2-cocycles with
deformations of a +— ¢ coefficients in the
Lie 2-algebra adjoint representation
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Lie 2-algebras

The Chevalley-Eilenberg complex

Representations of L Differentials on
on Vo = @y Yk Sym(L*[-1]) ® V4

@ Obvious cohomology
@ Existence of adjoint representations

Abelian extensions of Lie 2-algebras are classified by the
second cohomology
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Lie 2-algebras

The actual complex

g——h - Lie 2-algebra
W —— V - 2-vector space (= abelian Lie 2-algebra)
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Lie 2-algebras

The actual complex

g——>h - Lie 2-algebra
W —— V - 2-vector space (= abelian Lie 2-algebra)

Py oW — s -

w QW AW —> A3 W — s ‘W —— > ...
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Lie 2-algebras

The actual complex
g——b - Lie 2-algebra
W —— V - 2-vector space (= abelian Lie 2-algebra)

Ly QW ———— > -
ST T4

®V—)[) ®g ®V—-—> .-

) -/4 T T

_ T v _ *\
o* ®W——>h ®g* ®W——>/\2h ®g ®W-—> -

w - b oW AZp* ®w—>/\3 QW ———> A* QW ———> - .

Tl
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Lie 2-algebras

Equivalent categories

Definition

A crossed module of Lie algebras is a Lie algebra
homomorphism p : g — b together with an action by
derivations L : h — gl(g) such that

w(Lyx) =y, m(X)]ly and L)Xt = [Xo, X1lq
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Lie 2-algebras

Equivalent categories

Definition

A crossed module of Lie algebras is a Lie algebra
homomorphism p : g — b together with an action by
derivations L : h — gl(g) such that

w(Lyx) = [y, (X)]y and L, x)X1 = [Xo, X1l

(g — hv l27 /3) - I—oo'algebra

[X0, X1] := k(1(X0), X1)

defines a Lie algebra structure on g.

C. Angulo Integrability of Lie 2-algebras



Lie 2-algebras

Equivalent categories

There is an equivalence of categories

Crossed modules Groupoids internal
of Lie algebras to Lie algebras
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Lie 2-algebras

Equivalent categories

There is an equivalence of categories

Crossed modules Groupoids internal
of Lie algebras to Lie algebras

(h:9g—5HL) +—— goOch—ZHh
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Lie 2-algebras

Equivalent categories

There is an equivalence of categories

Crossed modules Groupoids internal
of Lie algebras to Lie algebras

(w:9—b,L) +——=  gdch—Zh

(x+x".y)

(' y+1(x)) (0.)

yHu(x+x')® ®y+u(x) oy
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Lie 2-algebras

Equivalent categories

There is an equivalence of categories

Crossed modules Groupoids internal
of Lie algebras to Lie algebras

(w:9g—b,L) +——=  gdch—=bh

(X", y+u(x)) (x.y) v/>(07y)
/_\ //_\
y+u(x+x')® ®y+u(x) R ®y
(=x.y+n(x))
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Lie 2-algebras

Equivalent categories

There is an equivalence of categories

Crossed modules Groupoids internal
of Lie algebras to Lie algebras

S
t|kers:kers—>b a— 9141‘)[]
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Lie 2-algebras

Equivalent categories

There is an equivalence of categories

Crossed modules Groupoids internal
of Lie algebras to Lie algebras

S
tlkers : kers —h  <— g4 7>b4u>£l1
Lyx = [u(y),x]g, for yeb,xeckers
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Lie 2-algebras

The double complex and its conomology

gp = gsp) = g1 xp ... Xy g1 - the Lie algebra of p-composable

arrows
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Lie 2-algebras

The double complex and its conomology

gp = gsp) = g1 Xy ... Xy g1 - the Lie algebra of p-composable
arrows
Consider the nerve

-

-
-
-~

-

- -
<~ =20 g3 ="

-
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Lie 2-algebras

The double complex and its conomology

gp 1= gsp) = g1 Xp ... Xy g1 - the Lie algebra of p-composable

arrows
Consider the nerve

=9 03—
Dualizing
C*(h) —=C*(91) —=C®(92) —=C*(93) —= -
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Lie 2-algebras

The double complex and its conomology

b d 8 d

9
0:= ﬁzo(—1 )k0; and § - Chevalley-Eilenberg differential
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Lie 2-algebras

The double complex and its conomology

A 2-cocycle (w, ) € A2 b* @ 9]

ow=20

|

wrH———— 0w+ dp =0

|

pH———0p =0
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Lie 2-algebras

The double complex and its conomology

A 2-cocycle (w, ) € A2 b* @ o3

0—R—HYR——=h——=0
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Lie 2-algebras

The double complex and its conomology

A 2-cocycle (w, ) € A2 b* @ g3

0 0 g g 0

l | |

0—R—Ha“R——=ph——=0

where p,(x) := (u(x), —¢(x,0))
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Lie 2-algebras

The double complex and its conomology

A 2-cocycle (w, ) € A2 b* @ g7 yields

0 0 g g 0

i v |

0—R—H“YR——=ph——=0

H%(\7 g3) classifies Lie 2-algebra extensions of g1 by

R—/ZR.
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Lie 2-algebras

The double complex and its conomology

A 2-cocycle (w, ») € A2 b* @ g yields

0 0 g g 0

l | |

0—R—HYR——=ph——=0

Moreover,

If p is a representation of h on V that vanishes on the ideal
w(g), H2,(A\? gp @ V) classifies Lie 2-algebra extensions of g

by V_—<V.
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Lie 2-groups

Definition(s)

Definition
A strict Lie 2-group is a groupoid object internal to the category
of Lie groups.

Definition

A crossed module of Lie groups is a Lie group homomorphism
i+ G — H together with an right action by Lie group
automorphisms H — Aut(G) such that

|<-)

i(g") =hli(g)h and ¢\ = g;'gig

foralhe Hand g, 91,9 € G.




Lie 2-groups

The equivalence (suite)

There is an equivalence of categories

Crossed modules Groupoids internal
of Lie groups to Lie groups
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Lie 2-groups

The equivalence (suite)

There is an equivalence of categories

Crossed modules Groupoids internal
’ — ;
of Lie groups to Lie groups

i:-G—H HOG +—— GxH—ZH
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Lie 2-groups

The equivalence (suite)

There is an equivalence of categories

Crossed modules Groupoids internal
) — ;
of Lie groups to Lie groups

i:-G—H HOG +—— GxH—ZH

(99',h)

(1,h)

hi(gg’)® ®hi(g) *h
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Lie 2-groups

The equivalence (suite)

There is an equivalence of categories

Crossed modules Groupoids internal
of Lie groups to Lie groups

i:-G—H, HOG +—— GxH—ZH

(9',hi(9)) (g:h) (1,h)
/_\ //_\
hi(gg')® ®hi(g) - ®h
(g7",hi(9))
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Lie 2-groups

The equivalence (suite)

There is an equivalence of categories

Crossed modules Groupoids internal
. — .
of Lie groups to Lie groups

S
flkers :kers — H <~— G—ZH
t
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Lie 2-groups

The equivalence (suite)

There is an equivalence of categories

Crossed modules Groupoids internal
. — ;
of Lie groups to Lie groups

flkers : kers — H  <— g*%>H*”>g
t

9" =uh)y"'xgxu(h) for he Hgeckers
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Lie 2-groups

The double complex of a Lie 2-group

C(H3, V)2~ (63, V) -2~ C(G8, V) — - -
é § 5
C(H2, V)2~ (63, V) -2~ C(G3, V) — - --

0 0 1

C(H,V)—2~C(G,V)—2~ C(Go, V) — - --

9 :=>h_o(—1)k0;; and ¢ - standard group differential
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Lie 2-groups

The double complex of a Lie 2-group

Hfot(C(g,‘)7 , V) classifies Lie 2-group extensions of G by

V—=VI
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The van Est map

The van Est map

Assembling usual van Est maps

oy C(G, V) — Negpe V
column-wise yields a map of double complexes

b : Ctot(g7 V) — Ctot(gh V)

C. Angulo Integrability of Lie 2-algebras



The van Est map

The van Est map

Assembling usual van Est maps

C(Gs, V) — Ngpo V
column-wise yields a map of double complexes
®: Ciot(G, V) — Crot(g1, V)

H2(C(GE. V) —== H (A" g5 © V)

| M

Extensions of G Lie Extensions of g4
by V—ZV by V—V
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Excursus on homological algebra

Rephrasing van Est theorem

Let & : (A®,da) — (B®, dg) be a map of complexes
The mapping cone of ¢ is the complex

: —ds O
K . pk+1 k _ A
C*(®) := A" @ B® together with do = < o dB)
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Excursus on homological algebra

Rephrasing van Est theorem

Let & : (A®,da) — (B°®, dg) be a map of complexes
The mapping cone of ¢ is the complex

: —ds O
K(d) — AkHT o Bk _ (—da
CK(®) := A"T @ BY together with de = < o dB>

Proposition

The following are equivalent
@ H"(®)=(0) forn < k
@ The induced map ® : H"(A) — H"(B) is an isomorphism
for n < k and injective forn = k + 1.
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Excursus on homological algebra

Rephrasing van Est theorem

Proposition
The following are equivalent
@ H"(®) =(0) forn < k
@ The induced map ¢ : H"(A) — H"(B) is an isomorphism
for n < k and injective forn =k + 1.

0— B*— C*(¢) — A*[1] — O O
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Excursus on homological algebra

Rephrasing van Est theorem

The following are equivalent
@ H"(®) =(0) forn < k
@ The induced map ® : H"(A) — H"(B) is an isomorphism
for n < k and injective forn = k + 1.

0— B*— C*(®) — A°[1] — 0 inducing
- = HK(B) — HK(®) — HK(A*[1]) 25 HA1(B) — -+ [
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A van Est theorem

A van Est theorem

o : A** — B**is a map of double complexes if and only if
C*(Pg) — C*(P1) — C*(d2) — --- is a double complex
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A van Est theorem

A van Est theorem

Let G be a Lie 2-group with crossed module G — H. If H is
k-connected and G is (k — 1)-connected,

HZ:(®) = (0), Vn<k

C(H*,V) ——C(gy,V) ——=C(G3, V) —— ...

ANHFRV—=ANgoV—sAgpBoV—..

O
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A van Est theorem

A van Est theorem

Let G be a Lie 2-group with crossed module G — H. If H is
k-connected and G is (k — 1)-connected,

Hior(®) = (0), Vn<k

C?(®g) — C*(Py) —— C3(dp) ——

1]

C'(dg) — C'(®1) —— C'(dp) ——

]

CO(¢‘0) — CO ¢1 e CO d)g
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A van Est theorem

A van Est theorem

Let G be a Lie 2-group with crossed module G — H. If H is
k-connected and G is (k — 1)-connected,

Hior(®) = (0), Vn<k

H2(®g) —— H2(®1) —> H2(dp) — > ...

Ef’q : H1 (¢‘0) —_— H1 (¢1) —_— H1 (cbg) —= e

HO(®g) —— HO(®1) ——> HO(dp) —> ...
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What's left?

An integrability result

W -5 V - 2-vector space
gl(¢):= The category of linear self functors and linear natural
transformations
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What's left?

An integrability result

W -5 V - 2-vector space
gl(¢):= The category of linear self functors and linear natural
transformations

@ Fact: One can use the exponential to integrate linear Lie
2-algebras, i.e., linear subgroupoids of gl(¢)
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What's left?

An integrability result

W %5 V - 2-vector space

gl(¢):= The category of linear self functors and linear natural
transformations

@ Fact: One can use the exponential to integrate linear Lie
2-algebras, i.e., linear subgroupoids of gl(¢)

Theorem

|

If g1 —=h—">gy is a Lie 2-algebra with
t

kersnec(u(h)) = (0),

where c(u(h)) is the centralizer of u(b) in g1, then g is
integrable
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What's left?

Why so hopeful?

Theorem (Sheng,Zhu)
Finite-dimensional strict Lie 2-algebras are integrable
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What's left?

Why so hopeful?

Theorem (Sheng,Zhu)

Let £ : h — Der(g) be a Lie algebra action by derivations. Let L : H — Aut(g) be

the unique group morphisms integrating L. If ¢ € P(h) is an h-homotopy class
presenting h € H.

@ Forx e g, Lp(x) =&(1), where & € P(g) is the solution to:
*E(A) Len€),  €(0) = x.
@ For& € P(g), pr&(N) = w(1, ), where w(—, \) € P(g) is the solution to:
0
(A0, M) = Lepg)@(Ros A1), @(0,4) = §(A).
[22\)
Thus, there is a group action H — Aut(G)

[€]" = [Lh o €] = [=(1, -)].
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The complex with general coefficients

The data of a representation

A Lie 2-algebra representation on ¢ : W — V consists of

g— = gl(¢)1 = Hom(V, W)

d |

b —————=9l(¢)o < gl(V) ® gl(W)
(PovPo)

A Lie 2-group representation on ¢ : W — V consists of

G a GL(¢)y < Hom(V, W)

fl |

H GL(¢)o < GL(V) x GL(W)

(08,03)
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

i q

Chg1.0) = \ap® V

‘,’“"“ For 1> 0,
CP gy, ¢) : /\gp®/\g @ W
e’

LT
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

A2h eV

0" "’ 0" bV
0" 0" “‘ .

The Chevalley-Eilenberg complex

with respect to

LT
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

NgioV

e
L V

The Chevalley-Eilenberg complex

with respect to pJ o t

LT
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

L
ot g
o

N gy V

Lo :
The Chevalley-Eilenberg complex

with respect to p3 o t,
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

i

\‘S\
i

L :
The Chevalley-Eilenberg complex

with respect to p} o
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

oER

N g @ (N gy W)

g @ (N gpe W)
(p1)«

FEE o

The Chevalley-Eilenberg complex
with respect to p} o

‘*.3*'»
X
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

Lataat
L

b* @ (g

A2 b @ (g" ® W)

*®W)

geoW

The Chevalley-Eilenberg complex

with respect to p} — £*
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

Latasat
L

b* @ (A\?

N g

A2b"® (A2g" © W)

gt @ W)

® W

The Chevalley-Eilenberg complex
with respect to p(®
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The complex with general coefficients

Lie 2-algebras: The three dimensional grid

In general, the representation of h on A" g* ® W is given by the
formula
pﬁ,r)w(xh...,x,) = po(V)w(X1, s Xr) = D w(X1, s LyXiy oy Xr).

i

C. Angulo Integrability of Lie 2-algebras



The complex with general coefficients

Lie 2-groups: The three dimensional grid

Cy(G, ) == C(G3, V)
"’""‘/‘ For r > 0,
Cr9(G, ¢) == C(Gg x G', W)

LT
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The complex with general coefficients

Lie 2-groups: The three dimensional grid

L
3 g ot
o

L V
The group cochain complex with

respect to pJ

C. Angulo Integrability of Lie 2-algebras



The complex with general coefficients

Lie 2-groups: The three dimensional grid

o
o g o
o

L V
The group cochain complex with

respect to pJ o t
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The complex with general coefficients

Lie 2-groups: The three dimensional grid

L
ot g e
o

L V
The group cochain complex with

respect to pd o tp
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The complex with general coefficients

Lie 2-groups: The three dimensional grid

Li
ot g o
o

L V
The group cochain complex with

respect to pj o i
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The complex with general coefficients

Lie 2-groups: The three dimensional grid

o
LA
¥

C(H x G2, W)

G, W)

(p1)+

L o
The groupoid cochain complex of

the Lie group bundle H x G = H
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The complex with general coefficients

Lie 2-groups: The three dimensional grid

T ctem
L

C(G, W)

The groupoid cochain complex of
the action groupoid G x H = G
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The complex with general coefficients

Lie 2-groups: The three dimensional grid

L2
LR

C(H? x G2, W)

"' C(H x G2, W)

C(G?, W)

The groupoid cochain complex of
the action groupoid G x H = G?
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The complex with general coefficients

Lie 2-groups: The three dimensional grid

In general, the representation of the groupoids involved take
values on trivial vector bundles.

@ p-direction: G9 x G" = HY x G"
(F: 6) - (s(7): . w) = (t(7): F. P (i(Pra(v1 % ... X 7g))) ' W)
@ g-direction: G" x Gp = G’

(917 "'7gf; W)(’Y, 917 "'7gf) = (gtp( } 7g£p(’y ' (tp(’Y))i‘I W)
e r-direction: G x G = Gg

('717"‘77q;g)‘(717'”77q; W) = (717' - Y pO( (gtp(%) tp(’Yq))) )
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The complex with general coefficients

Not triple complexes

o r=0:

0.g+1 9 ~Ap+1,g+1
Co >~ Cy

S

p.q p+1.9
Co Co

7]

/\ . . .
(50w)(-)® ®95w)(-) Isomorphicin V
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The complex with general coefficients

Not triple complexes

o r=0:
Cg,q—H 40) Cg+1,q+1
| 1
Cqu Cg+1’q

7]

/\ . . .
(50w)(-)® ®9sw)(-) Isomorphicin V

@ r>0:600and dod are homotopic as map of complexes
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The complex with general coefficients

The corrections

The complex of Lie 2-algebra cochains with values on W Ly

q r
(Ca(\gp® \o* @ W), V)
where
V =0+ (=1)PT(0 + 6n) +2Ak

and )
. ~Pg p+1,g+
Ak . Cr H Cr—k
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The complex with general coefficients

The corrections

The complex of Lie 2-algebra cochains with values on W Ly

q r
(Cot(Nop@ [\ g ® W), V)
where
V =9+ (—1)PH9(6 + 61 +ZAK

For instance, for kK = 1

X0 ... 0 Xl & x

0 q g J q

Aqw :Z(—U/w( : : : XO)
p o p op p |7
XO Xq =0 XO ),(\j Xq
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The complex with general coefficients

The corrections

The complex of Lie 2-algebra cochains with values on W oy

q r
(Cat( [\ gy @ \o* @ W), V)
where

V=04 (=1)PT9(5 + o) —I—ZAK

This complex is isomorphic to the Chevalley-Eilenberg complex
in the lowest degrees
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The complex with general coefficients

The corrections

The complex of Lie 2-group cochains with values on W v
(Ctot(C(gg X Gr, W),V)
where

V= (=1)P@ay+ Y, (—1)EDEEA, )
a+b>0

and
. AP, p+a,q+b
Aa7b . Cr — Cr+1—(a+b)

For instance, A1 = 0, Ag ¢ = d and...
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Another van Est theorem

®: CPUG, ) — CPg1,9),

(¢w)(£1,...,gq;z1,...,z,) = Z Z|O’||Q|ﬁg(5)ﬁg(z)w

0€Sq 0ESy
where = = (¢1,....&q) € 93, Z = (21, ..., Zr) € ¢', || stands for
the sign of the permutation, and
B d d . - q.
( o(2) w)(’y |T, . 1 |T1 :OW(’% eXpG(T1 29(1))7 E) eXpG(Tl’zg(r)))7 for 0AS gpy
_R) _R> (2w = |>\q 1|A1:o(ﬁg(Z)W)(eXng(M50(1))7---veXng(Aqfa(q)))-
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Another van Est theorem

For constant p, C(Gg x G*, W) is the double complex
associated to the double Lie groupoid

gp X Gﬁ-gp

|l

G *

Assembling column-wise groupoid van Est maps yields a map
of double complexes to the double complex associated to its
LA-groupoid

GP X G*>gp

L

G *
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Another van Est theorem

NgroNeg oW,

k%

C(G Ngpa W)

IfG is a Lie 2-group with crossed module G — H and Lie
2-algebra g1.

If both G and H are k-connected, then

®: Hy(G,¢) — HY (91, 9)

is an isomorphism for n < k and injective forn = k + 1.
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The End

Thank you!
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