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Lagrangian Reduction in Mechanics and Field Theory

Configuration
space

Mechanics: TQ
Field Theory: J1(E → X)

Lagrangian
(density)

Euler-Lagrange
(field) equations

+
Variational

Stationary action

principle

G-action G - invariant

Reduced
space

Reduced
Lagrangian

Reduced
equations

Configuration space
/

Group action
(
, T (Q/G), J1(E/G)

)

+
Reduced

var. principle
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Lagrangian Reduction in Mechanics and Field Theory

Configuration.

space

Group of

symmetries

Reduced space

Reduced variations
Reduced equations

TG G

g = TG/G

δv = η̇+ [v , η]

d
dt

∂l
∂v
− ad∗v

∂l
∂v

= 0

Euler-Poincaré equations [2]

TQ G

T (Q/G) ⊕Q/G ad(Q)

δωv =
Dη
Dt

+
[
v , η

]
G + B̃ (δx , ẋ)


∂l
∂x
−

D
Dt

∂l
∂ẋ

=

〈
∂l
∂v
, iẋ B̃

〉
(Hor.)

D
Dt

∂l
∂v
− ad∗v

∂l
∂v

= 0 (Ver.)

Lagrange-Poincaré equations [2]

J1(P −→ X)

X = P/G
G

C(P) = J1P/G

δωs = ∇ωη+ [sω , η]

divω
δl
δs
− ad∗sω

δl
δs

= 0

Euler-Poincaré field equations [1]

J1(E −→ X) G

J1(E/G) ⊕E/G T ∗X ⊗ ad(E)

δωs = ∇ωη+
[
s, η

]
+ B̃ (δσ, σ∗)


δl
δσ
− divE/G δl

δj1σ
=

〈
δl
δs
, iσ∗ B̃

〉
(Hor.)

divω
δl
δs
− ad∗s

δl
δs

= 0 (Ver.)

Lagrange-Poincaré field equations [3]

TABLE 1. PREVIOUS WORK ON REDUCTION IN LAGRANGIAN MECHANICS AND FIELD THEORY
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Introduction

The problem we have studied

Previous work: G does not depend on x ∈ X (Global symmetries)
What if it does? Family of actions: Ex ×Gx −→ Ex

Local symmetries

Lie group fiber bundle: G =
⊔
x∈X

Gx −→ X

Fibered action: E ×X G −→ E J1E ×X J1G −→ J1E

PROBLEM: Reduction procedure for local symmetries

(i) Geometry of J1E/J1G =
⊔
x∈X

J1
x E/J1

x G?

(ii) Reduced variational principle?
(iii) Reduced eqs. for a G-invariant Lagrangian L : J1E −→ R?
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Reduction by the whole group

J1(E −→ X ) L
(
j1s

) Euler-Lagrange
field equations

+
δs vertical arbitrary

with fixed endpoints

J1G
J1G - invariant

J1(E/G −→ X ) l
(
j1σ

) Euler-Lagrange
field equations

+
δσ vertical arbitrary

with fixed endpoints
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Reduction by Lie group subbundles

Lie group subbundle

H '

h ⊂ g

π∗G,X (T ∗X ⊗ h)⊃J1G'

Connection on G → X

π∗G,X (T ∗X ⊗ g)

Generalized principal connection

A 1-form ω ∈ Ω1(E , g) such that

Connection on E → E/G: ω (ξ ∗) = ξ ∀ξ ∈ g

Equivariant: ∀(Uy ,Ug) ∈ TyE ×Tx X TgG

ωy ·g
(
(dΦ)(y ,g)(Uy ,Ug)

)
= Adg−1

(
ωy (Uy ) + ν(Ug)

)
Remark: Φ: E ×X G −→ E
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J1(E −→ X ) L
(
j1s

) Euler-Lagrange
field equations

+
δs vertical

arbitrary

H ' π∗G,X (T ∗X ⊗ h)
H - invariant

J1(E/G)⊕E/G
T ∗X ⊗ adh(E)

adh(E) = E×X g
G×X h

−→ E/G

l
(
j1σ, s

) 
δl
δσ − divE/G

(
δl
δj1σ

)
=

〈
δl
δs , iσ∗ B̃

〉
divh

(
δl
δs

)
− ad∗

(
s
) (

δl
δs

)
= 0

+

 δσ vertical arbitrary
δωs = ∇

h

η −
[
s, η

]
+ B̃ (δσ, σ∗)

Remarks: • η ∈ Γ (adh(E) −→ X )
• ω yields a connection ∇h on adh(E)→ E/G
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Present and future work

General Lie group subbundles: J1G ⊃ H , π∗G,X (T ∗X ⊗ h)
Reconstruction:

s ∈ Γ (J1E → X ) satisfying Euler-Lagrange equations

s ∈ Γ (T ∗X ⊗ adh(E)→ X ) satisfying reduced equations

Reduction Reconstruction

Examples and applications: Gauge Theories

Yang-Mills (electromagnetism, weak force, chromodynamics)

• E = C → X of a principal G-bundle P → X
• G = J1Ad(P)→ X , with Ad(P) = (P × G) /G
• Locally: Ax · j1x g = (dg)x g(x)−1 + g(x) Ax g(x)−1
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