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Mechanics: TQ
Field Theory: J'(E — X)
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LLa\grangian Reduction in Mechanics and Field Theory

Group of
symmetries
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6v=n+[v.n] Euler-Poincaré equations [2]
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TABLE 1. PREVIOUS WORK ON REDUCTION IN LAGRANGIAN MECHANICS AND FIELD THEORY
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LThe problem we have studied

m Previous work: G does not depend on x € X (Global symmetries)
m What if it does? Family of actions: Ex x Gy — Ex

CLocaI symmetries)

m Lie group fiber bundle: G = |_| Gy — X
xeX

m Fibered action: Exy G— E ~—— J'ExxJ'G— J'E

PROBLEM: Reduction procedure for local symmetries

(i) Geometry of J'E/J'G = |_| JrE/JLG?
xeX
(i)  Reduced variational principle?
(i) Reduced egs. for a G-invariant Lagrangian L: J'E — R?
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LReduction by the whole group

JI(E 0 X) n L(jl S) 6s vertical arbitrary Euler-Lagrange l

with fixed endpoints field equations

G ( J! G-invariant )

|

; 6o vertical arbitrary Euler-Lagrange
1 [t
[ J(E/G— X) ] + /') with fixed endpoints field equations
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Lie group subbundle

(Connection on G— X) hcg

' |
TE*G‘X(T*X®Q) ~ JIG > H = nj*@)((T*X@b)

Generalized principal connection

A 1-form w € Q(E, g) such that
m Connectionon E - E/G: (w(&)=¢) VYEeg
m Equivariant: V(U,.Uy) € T)E x1,x TG

[my.g ((d9).6)(Uy. Ug)) = Adg (@ (Uy) + ug))j

Remark: ¢: Exy G— E
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: 1 68 vertical Euler-Lagrange
JEDX) | + L(j s) arbitrary field equations

Q

= nGX (T*X®Dh) J
Jl(E/G)éBE/G o = 4 dIVE/G(§—1’):<i1 I(,§>
. + / 1 . [ 6j'a 6
‘ rxead(® | 00| | wvy)-ar o) o
f

60 vertical arbitrary
695 =V 7~ [5.7] + B(60.0.)

ady(E) = 555 — E/G {

Remarks: o 7¢l (ady(E) — X)
e o yields a connection V" on ady(E) —» E/G
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m General Lie group subbundles: J'G> H # n}, , (T*X ®D)
m Reconstruction:

[ sel (J'E — X) satisfying Euler-Lagrange equations ]

A

Reduction\ ,) Reconstruction

’

[ sel (T*X ® ady(E) — X) satisfying reduced equations ]

m Examples and applications: Gauge Theories

Yang-Mills (electromagnetism, weak force, chromodynamics)

e E =C — Xofaprincipal G-bundle P —» X

e G=J'Ad(P) - X, with Ad(P) = (Px@G) /G

o Locally: Ax - jyg = (dg)x 9(x)™! + g(x) Ac g(x)™!
MAL

14/15



Reduction by local symmetries in Field theories
L References

El [1] Castrillén, M., Garcia, P. L. & Ratiu, T. S.
Euler—Poincaré reduction on principal bundles.
Lett. Math. Phys. 58:167—180, 2001.

[@ [2] Cendra, H., Marsden, J. E. & Ratiu, T. S.
Lagrangian reduction by stages.
Mem. Am. Math. Soc. 152(722), 2001.

[ [3] Ellis, D. C. P, Gay-Balmaz, F., Holm, D. D. & Ratiu, T. S.
Lagrange-Poincaré field equations.
J. Geom. Phys. 61(11):2120—2146, 2011.

THANK YOU!!!

MAL

15/15



	Introduction
	Lagrangian Reduction in Mechanics and Field Theory
	The problem we have studied

	Results
	Reduction by the whole group
	Reduction by Lie group subbundles

	Conclusions
	Present and future work

	References

